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Are Neural Networks Robustness?

1 2

Small perturbations on the input can cause neural networks to yield incorrect output.

1Goodfellow et al., Explaining and Harnessing Adversarial Examples, ICLR’15
2Gnanasambandam et al., Optical Adversarial Attack, CVPR’21
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Are Neural Networks Robustness?

1 2

Perturbed input x̂ ∈ Φ : {x̂ | ∥x̂−x∥∞ ≤ ϵ},

To check f(x̂) |=Ψ.

Small perturbations on the input can cause neural networks to yield incorrect output.

1Goodfellow et al., Explaining and Harnessing Adversarial Examples, ICLR’15
2Gnanasambandam et al., Optical Adversarial Attack,CVPR’21
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Over-Approximation for Neural Network Verification

ReLU Activation function.
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Over-Approximation for Neural Network Verification

DeepPoly3

Lowerbound p̂ = minO, computed by LPSolver(Φ∧f∧Ψ)
p̂ = −2.7 obtained by conservative over-approximation of
active functions (i.e., ReLU) via linear solver and can be
imprecise (incomplete) and may produce a false alarm,
i.e., p̂! =! − 2.7 is a spurious value that never occurs
during runtime.

3

3Singh et al., Abstract Domain and Analysis for ReLU Neural Networks, POPL’19
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Branch-and-Bound-Based Approach (Bunel+, JMLR’20)
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<latexit sha1_base64="A4pHexuG1nBV+KLVGh5sIafbECs=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx48RDEPzC5hdtJJhszOLjOzQljyF148KOLVv/Hm3zh5HDSxoKGo6qa7K0wE18Z1v53cyura+kZ+s7C1vbO7V9w/aOg4VQzrLBaxaoVUo+AS64Ybga1EIY1Cgc1weD3xm0+oNI/lgxklGES0L3mPM2qs9HiPt3XfJ6rjdYolt+xOQZaJNyclmKPWKX753ZilEUrDBNW67bmJCTKqDGcCxwU/1ZhQNqR9bFsqaYQ6yKYXj8mJVbqkFytb0pCp+nsio5HWoyi0nRE1A73oTcT/vHZqepdBxmWSGpRstqiXCmJiMnmfdLlCZsTIEsoUt7cSNqCKMmNDKtgQvMWXl0njrOxVypW781L1ah5HHo7gGE7Bgwuowg3UoA4MJDzDK7w52nlx3p2PWWvOmc8cwh84nz9nVJAb</latexit>

ReLU

r1

<latexit sha1_base64="22B3VVfIuubqAVHp/aOtR/u/y5Q=">AAAB8XicbVA9TwJBEJ3zE/ELtbTZSEysyB0xaEm0sbBA4wGRI2RvGWDD3t5ld8+EEP6FjYXG2Ppv7Pw3LnCFgi+Z5OW9mczMCxPBtXHdb2dldW19YzO3ld/e2d3bLxwc1nWcKoY+i0WsmiHVKLhE33AjsJkopFEosBEOr6d+4wmV5rF8MKME2xHtS97jjBorPd7jrR8ERHXKnULRLbkzkGXiZaQIGWqdwlfQjVkaoTRMUK1bnpuY9pgqw5nAST5INSaUDWkfW5ZKGqFuj2cXT8ipVbqkFytb0pCZ+ntiTCOtR1FoOyNqBnrRm4r/ea3U9C7bYy6T1KBk80W9VBATk+n7pMsVMiNGllCmuL2VsAFVlBkbUt6G4C2+vEzq5ZJXKVXuzovVqyyOHBzDCZyBBxdQhRuogQ8MJDzDK7w52nlx3p2PeeuKk80cwR84nz9o2JAc</latexit>

ReLU

r2

<latexit sha1_base64="paxeZeDE8/zOaZpX4VLxs/WoZaw=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5UomXQxsIiipcEcyHsbSbJkr29Y3dPCEf+hY2FIrb+Gzv/jZuPQqMPBh7vzTAzL0wE18Z1v5zc0vLK6lp+vbCxubW9U9zdq+s4VQx9FotYNUOqUXCJvuFGYDNRSKNQYCMcXk38xiMqzWN5b0YJtiPal7zHGTVWerjDGz8IiOqcdoolt+xOQf4Sb05KMEetU/wMujFLI5SGCap1y3MT086oMpwJHBeCVGNC2ZD2sWWppBHqdja9eEyOrNIlvVjZkoZM1Z8TGY20HkWh7YyoGehFbyL+57VS07toZ1wmqUHJZot6qSAmJpP3SZcrZEaMLKFMcXsrYQOqKDM2pIINwVt8+S+pn5S9Srlye1aqXs7jyMMBHMIxeHAOVbiGGvjAQMITvMCro51n5815n7XmnPnMPvyC8/ENalyQHQ==</latexit>

ReLU

r3

<latexit sha1_base64="MQIQ5gorVxf1ZiNfUfhpp3PvwuM=">AAAB8XicbVA9TwJBEJ3DL8Qv1NJmIzGxInfGoCXRxsICjQdEjpC9ZYANe3uX3T0TQvgXNhYaY+u/sfPfuMAVCr5kkpf3ZjIzL0wE18Z1v53cyura+kZ+s7C1vbO7V9w/qOs4VQx9FotYNUOqUXCJvuFGYDNRSKNQYCMcXk/9xhMqzWP5YEYJtiPal7zHGTVWerzHWz8IiOqcd4olt+zOQJaJl5ESZKh1il9BN2ZphNIwQbVueW5i2mOqDGcCJ4Ug1ZhQNqR9bFkqaYS6PZ5dPCEnVumSXqxsSUNm6u+JMY20HkWh7YyoGehFbyr+57VS07tsj7lMUoOSzRf1UkFMTKbvky5XyIwYWUKZ4vZWwgZUUWZsSAUbgrf48jKpn5W9Srlyd16qXmVx5OEIjuEUPLiAKtxADXxgIOEZXuHN0c6L8+58zFtzTjZzCH/gfP4Aa+CQHg==</latexit>

ReLU

r4

[-1,1]

[-1,1]

<latexit sha1_base64="izn73OTm3XgsIYh7TdX9YQVLTeo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BL95MwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mHGCfkQHkoecUWOl+n2vWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rw2p9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUq5Ur8sVW+yOPJwAqdwDh5cQRXuoAYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A6unjN4=</latexit>

O

<latexit sha1_base64="cT3z+/LKf/DKKyfnnlxX1lOJRwc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYnvcmQ2dllZlYMSz7BiwdFvPpF3vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtB1Sax/LejBP0IzqQPOSMGivdPfa8XrniVt0ZyF/i5aQCOeq98me3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JklT4JY2VLGjJTf05kNNJ6HAW2M6JmqBe9qfif10lNeOlnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb78lzRPqt559ez2tFK7yuMowgEcwjF4cAE1uIE6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxzcO8I2q</latexit>x1

<latexit sha1_base64="WQ1eUAu1DD8mx6Eo/k6Syc0haI4=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaJryPRi0eM8khgQ2aHBibMzm5mZo1kwyd48aAxXv0ib/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0M/Wbj6g0j+SDGcfoh3QgeZ8zaqx0/9StdIslt+zOQJaJl5ESZKh1i1+dXsSSEKVhgmrd9tzY+ClVhjOBk0In0RhTNqIDbFsqaYjaT2enTsiJVXqkHylb0pCZ+nsipaHW4zCwnSE1Q73oTcX/vHZi+ld+ymWcGJRsvqifCGIiMv2b9LhCZsTYEsoUt7cSNqSKMmPTKdgQvMWXl0mjUvYuyud3Z6XqdRZHHo7gGE7Bg0uowi3UoA4MBvAMr/DmCOfFeXc+5q05J5s5hD9wPn8AEHSNqw==</latexit>x2

Input: Output:

Network:

Specification:
<latexit sha1_base64="Sx0UlgRKQST4s7bmjUXwrr26xH4=">AAAB9XicbVBNS8NAEN3Ur1q/qh69LBbBU0lEqseiF48R7Ac0sWw2k3bpZhN2N5YS+j+8eFDEq//Fm//GbZuDtj4YeLw3w8y8IOVMadv+tkpr6xubW+Xtys7u3v5B9fCorZJMUmjRhCeyGxAFnAloaaY5dFMJJA44dILR7czvPIFULBEPepKCH5OBYBGjRBvp0XOHzBtDOADPVaxfrdl1ew68SpyC1FABt1/98sKEZjEITTlRqufYqfZzIjWjHKYVL1OQEjoiA+gZKkgMys/nV0/xmVFCHCXSlNB4rv6eyEms1CQOTGdM9FAtezPxP6+X6ejaz5lIMw2CLhZFGcc6wbMIcMgkUM0nhhAqmbkV0yGRhGoTVMWE4Cy/vEraF3WnUW/cX9aaN0UcZXSCTtE5ctAVaqI75KIWokiiZ/SK3qyx9WK9Wx+L1pJVzByjP7A+fwBwsJJ+</latexit>

� ^ 

<latexit sha1_base64="+qqeNhg7gs2baKY/L31S1IZaCLI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqhP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBzoOM9Q==</latexit>

f

<latexit sha1_base64="KvhQWvpnnxt+0LDtWNbxjptKVxE=">AAAB9XicbVBNS8NAEJ3Ur1q/oh69LBahXkoiUr0oRS/erGA/oI1ls920SzebsLtRSuj/8OJBEa/+F2/+G7dtDtr6YODx3gwz8/yYM6Ud59vKLS2vrK7l1wsbm1vbO/buXkNFiSS0TiIeyZaPFeVM0LpmmtNWLCkOfU6b/vB64jcfqVQsEvd6FFMvxH3BAkawNtJDp6YYukClW3SJnOOuXXTKzhRokbgZKUKGWtf+6vQikoRUaMKxUm3XibWXYqkZ4XRc6CSKxpgMcZ+2DRU4pMpLp1eP0ZFReiiIpCmh0VT9PZHiUKlR6JvOEOuBmvcm4n9eO9HBuZcyESeaCjJbFCQc6QhNIkA9JinRfGQIJpKZWxEZYImJNkEVTAju/MuLpHFSdivlyt1psXqVxZGHAziEErhwBlW4gRrUgYCEZ3iFN+vJerHerY9Za87KZvbhD6zPHzfUkGQ=</latexit>

! = (O > 0)
<latexit sha1_base64="D+vvXernOApNP0O4QwTQWGHZXkc=">AAACFHicbZDLSgMxFIYz9VbrbdSlm2ARBLXMFKkiCEU3LivYC3SGkklP29BMZkgyail9CDe+ihsXirh14c63Mb0sausPgZ/vnMPJ+YOYM6Ud58dKLSwuLa+kVzNr6xubW/b2TkVFiaRQphGPZC0gCjgTUNZMc6jFEkgYcKgG3ethvXoPUrFI3OleDH5I2oK1GCXaoIZ95JU67OISPzZc7DGB6yfusetj7wGabTA0P0UbdtbJOSPheeNOTBZNVGrY314zokkIQlNOlKq7Tqz9PpGaUQ6DjJcoiAntkjbUjRUkBOX3R0cN8IEhTdyKpHlC4xGdnuiTUKleGJjOkOiOmq0N4X+1eqJb536fiTjRIOh4USvhWEd4mBBuMglU854xhEpm/opph0hCtckxY0JwZ0+eN5V8zi3kCren2eLVJI402kP76BC56AwV0Q0qoTKi6Am9oDf0bj1br9aH9TluTVmTmV30R9bXL+spmv0=</latexit>

! := x1 → [↑1, 1] ↓ x2 → [↑1, 1]

• The branch-and-bounda aims to achieve
ideal precise verification by dividing a
problem into subproblems (branch) and
eliminating those that cannot lead to an
optimal solution (bound)

ahttps://en.wikipedia.org/wiki/Branch_and_bound
-2.7

Step 1

-2.7

-2.52 -2.65

0.24 -2

<latexit sha1_base64="iahbBj2j4tEgJ7y75Tl2N8tJd9E=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSIIQklEqseiF48VTFtoY9lsp+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhQ8epYuizWMSqFVKNgkv0DTcCW4lCGoUCm+Hoduo3n1BpHssHM04wiOhA8j5n1FjJV4/nXa9bKrsVdwayTLyclCFHvVv66vRilkYoDRNU67bnJibIqDKcCZwUO6nGhLIRHWDbUkkj1EE2O3ZCTq3SI/1Y2ZKGzNTfExmNtB5Hoe2MqBnqRW8q/ue1U9O/DjIuk9SgZPNF/VQQE5Pp56THFTIjxpZQpri9lbAhVZQZm0/RhuAtvrxMGhcVr1qp3l+Wazd5HAU4hhM4Aw+uoAZ3UAcfGHB4hld4c6Tz4rw7H/PWFSefOYI/cD5/ACH3jkI=</latexit>

r+1
<latexit sha1_base64="9jR8vzZCZCl5lp+8nqqX0wAi3Eo=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4sSQi1WPRi8cKpi20sWy203bpZhN2N0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemAiujet+Oyura+sbm4Wt4vbO7t5+6eCwoeNUMfRZLGLVCqlGwSX6hhuBrUQhjUKBzXB0O/WbT6g0j+WDGScYRHQgeZ8zaqzkq8fzrtctld2KOwNZJl5OypCj3i19dXoxSyOUhgmqddtzExNkVBnOBE6KnVRjQtmIDrBtqaQR6iCbHTshp1bpkX6sbElDZurviYxGWo+j0HZG1Az1ojcV//PaqelfBxmXSWpQsvmifiqIicn0c9LjCpkRY0soU9zeStiQKsqMzadoQ/AWX14mjYuKV61U7y/LtZs8jgIcwwmcgQdXUIM7qIMPDDg8wyu8OdJ5cd6dj3nripPPHMEfOJ8/JQOORA==</latexit>

r�1

<latexit sha1_base64="ANgvhIgdq15Wh3lj9Fks5VJ0nis=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRZBEMpukeqx6MVjBbcttGvJptk2NJssSVYoS3+DFw+KePUHefPfmLZ70NYHA4/3ZpiZFyacaeO6305hbX1jc6u4XdrZ3ds/KB8etbRMFaE+kVyqTog15UxQ3zDDaSdRFMchp+1wfDvz209UaSbFg5kkNIjxULCIEWys5KvHi36tX664VXcOtEq8nFQgR7Nf/uoNJEljKgzhWOuu5yYmyLAyjHA6LfVSTRNMxnhIu5YKHFMdZPNjp+jMKgMUSWVLGDRXf09kONZ6Eoe2M8ZmpJe9mfif101NdB1kTCSpoYIsFkUpR0ai2edowBQlhk8swUQxeysiI6wwMTafkg3BW355lbRqVa9erd9fVho3eRxFOIFTOAcPrqABd9AEHwgweIZXeHOE8+K8Ox+L1oKTzxzDHzifPyN7jkM=</latexit>

r+2
<latexit sha1_base64="hsKO+JPCw1izLSG1nLMi8Txhe1M=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRmLiRbJLDHokevGIiQsksJJu6UJDt920XROy4Td48aAxXv1B3vw3FtiDgi+Z5OW9mczMCxPOtHHdb6ewtr6xuVXcLu3s7u0flA+PWlqmilCfSC5VJ8Saciaob5jhtJMoiuOQ03Y4vp357SeqNJPiwUwSGsR4KFjECDZW8tXjRb/WL1fcqjsHWiVeTiqQo9kvf/UGkqQxFYZwrHXXcxMTZFgZRjidlnqppgkmYzykXUsFjqkOsvmxU3RmlQGKpLIlDJqrvycyHGs9iUPbGWMz0sveTPzP66Ymug4yJpLUUEEWi6KUIyPR7HM0YIoSwyeWYKKYvRWREVaYGJtPyYbgLb+8Slq1qlev1u8vK42bPI4inMApnIMHV9CAO2iCDwQYPMMrvDnCeXHenY9Fa8HJZ47hD5zPHyaHjkU=</latexit>

r�2

0.23 0.75

<latexit sha1_base64="ANgvhIgdq15Wh3lj9Fks5VJ0nis=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRZBEMpukeqx6MVjBbcttGvJptk2NJssSVYoS3+DFw+KePUHefPfmLZ70NYHA4/3ZpiZFyacaeO6305hbX1jc6u4XdrZ3ds/KB8etbRMFaE+kVyqTog15UxQ3zDDaSdRFMchp+1wfDvz209UaSbFg5kkNIjxULCIEWys5KvHi36tX664VXcOtEq8nFQgR7Nf/uoNJEljKgzhWOuu5yYmyLAyjHA6LfVSTRNMxnhIu5YKHFMdZPNjp+jMKgMUSWVLGDRXf09kONZ6Eoe2M8ZmpJe9mfif101NdB1kTCSpoYIsFkUpR0ai2edowBQlhk8swUQxeysiI6wwMTafkg3BW355lbRqVa9erd9fVho3eRxFOIFTOAcPrqABd9AEHwgweIZXeHOE8+K8Ox+L1oKTzxzDHzifPyN7jkM=</latexit>

r+2
<latexit sha1_base64="hsKO+JPCw1izLSG1nLMi8Txhe1M=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRmLiRbJLDHokevGIiQsksJJu6UJDt920XROy4Td48aAxXv1B3vw3FtiDgi+Z5OW9mczMCxPOtHHdb6ewtr6xuVXcLu3s7u0flA+PWlqmilCfSC5VJ8Saciaob5jhtJMoiuOQ03Y4vp357SeqNJPiwUwSGsR4KFjECDZW8tXjRb/WL1fcqjsHWiVeTiqQo9kvf/UGkqQxFYZwrHXXcxMTZFgZRjidlnqppgkmYzykXUsFjqkOsvmxU3RmlQGKpLIlDJqrvycyHGs9iUPbGWMz0sveTPzP66Ymug4yJpLUUEEWi6KUIyPR7HM0YIoSwyeWYKKYvRWREVaYGJtPyYbgLb+8Slq1qlev1u8vK42bPI4inMApnIMHV9CAO2iCDwQYPMMrvDnCeXHenY9Fa8HJZ47hD5zPHyaHjkU=</latexit>

r�2

-2.7

-2.52 -2.65

<latexit sha1_base64="iahbBj2j4tEgJ7y75Tl2N8tJd9E=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSIIQklEqseiF48VTFtoY9lsp+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhQ8epYuizWMSqFVKNgkv0DTcCW4lCGoUCm+Hoduo3n1BpHssHM04wiOhA8j5n1FjJV4/nXa9bKrsVdwayTLyclCFHvVv66vRilkYoDRNU67bnJibIqDKcCZwUO6nGhLIRHWDbUkkj1EE2O3ZCTq3SI/1Y2ZKGzNTfExmNtB5Hoe2MqBnqRW8q/ue1U9O/DjIuk9SgZPNF/VQQE5Pp56THFTIjxpZQpri9lbAhVZQZm0/RhuAtvrxMGhcVr1qp3l+Wazd5HAU4hhM4Aw+uoAZ3UAcfGHB4hld4c6Tz4rw7H/PWFSefOYI/cD5/ACH3jkI=</latexit>

r+1
<latexit sha1_base64="9jR8vzZCZCl5lp+8nqqX0wAi3Eo=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4sSQi1WPRi8cKpi20sWy203bpZhN2N0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemAiujet+Oyura+sbm4Wt4vbO7t5+6eCwoeNUMfRZLGLVCqlGwSX6hhuBrUQhjUKBzXB0O/WbT6g0j+WDGScYRHQgeZ8zaqzkq8fzrtctld2KOwNZJl5OypCj3i19dXoxSyOUhgmqddtzExNkVBnOBE6KnVRjQtmIDrBtqaQR6iCbHTshp1bpkX6sbElDZurviYxGWo+j0HZG1Az1ojcV//PaqelfBxmXSWpQsvmifiqIicn0c9LjCpkRY0soU9zeStiQKsqMzadoQ/AWX14mjYuKV61U7y/LtZs8jgIcwwmcgQdXUIM7qIMPDDg8wyu8OdJ5cd6dj3nripPPHMEfOJ8/JQOORA==</latexit>

r�1

True Counterexample
Step 2 Step 3

<latexit sha1_base64="/U/gvuyJEDLbxG200RfhzeWwVns=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2m3bpZhN2J2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//ci1EbF6wEnC/YgOlQgFo2ildm9EMXua9ssVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOyVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2e9kIDRnKCeWUKaFvZWwEdWUoU2oZEPwll9eJa2Lqler1u4vK/WbPI4inMApnIMHV1CHO2hAExiM4Rle4c1JnBfn3flYtBacfOYY/sD5/AGzzo/U</latexit>

x̂

Branch-and-Bound (BaB) Tree

• Split activation ReLU r1 input into r+1 (x1 ≥ 0) and r−1 (x1 < 0).
• Split activation ReLU r2 input into r+2 (x2 ≥ 0) and r−2 (x2 < 0).
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Branch-and-Bound-Based Approach (Bunel+, JMLR’20)
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<latexit sha1_base64="A4pHexuG1nBV+KLVGh5sIafbECs=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx48RDEPzC5hdtJJhszOLjOzQljyF148KOLVv/Hm3zh5HDSxoKGo6qa7K0wE18Z1v53cyura+kZ+s7C1vbO7V9w/aOg4VQzrLBaxaoVUo+AS64Ybga1EIY1Cgc1weD3xm0+oNI/lgxklGES0L3mPM2qs9HiPt3XfJ6rjdYolt+xOQZaJNyclmKPWKX753ZilEUrDBNW67bmJCTKqDGcCxwU/1ZhQNqR9bFsqaYQ6yKYXj8mJVbqkFytb0pCp+nsio5HWoyi0nRE1A73oTcT/vHZqepdBxmWSGpRstqiXCmJiMnmfdLlCZsTIEsoUt7cSNqCKMmNDKtgQvMWXl0njrOxVypW781L1ah5HHo7gGE7Bgwuowg3UoA4MJDzDK7w52nlx3p2PWWvOmc8cwh84nz9nVJAb</latexit>

ReLU

r1

<latexit sha1_base64="22B3VVfIuubqAVHp/aOtR/u/y5Q=">AAAB8XicbVA9TwJBEJ3zE/ELtbTZSEysyB0xaEm0sbBA4wGRI2RvGWDD3t5ld8+EEP6FjYXG2Ppv7Pw3LnCFgi+Z5OW9mczMCxPBtXHdb2dldW19YzO3ld/e2d3bLxwc1nWcKoY+i0WsmiHVKLhE33AjsJkopFEosBEOr6d+4wmV5rF8MKME2xHtS97jjBorPd7jrR8ERHXKnULRLbkzkGXiZaQIGWqdwlfQjVkaoTRMUK1bnpuY9pgqw5nAST5INSaUDWkfW5ZKGqFuj2cXT8ipVbqkFytb0pCZ+ntiTCOtR1FoOyNqBnrRm4r/ea3U9C7bYy6T1KBk80W9VBATk+n7pMsVMiNGllCmuL2VsAFVlBkbUt6G4C2+vEzq5ZJXKVXuzovVqyyOHBzDCZyBBxdQhRuogQ8MJDzDK7w52nlx3p2PeeuKk80cwR84nz9o2JAc</latexit>

ReLU

r2

<latexit sha1_base64="paxeZeDE8/zOaZpX4VLxs/WoZaw=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5UomXQxsIiipcEcyHsbSbJkr29Y3dPCEf+hY2FIrb+Gzv/jZuPQqMPBh7vzTAzL0wE18Z1v5zc0vLK6lp+vbCxubW9U9zdq+s4VQx9FotYNUOqUXCJvuFGYDNRSKNQYCMcXk38xiMqzWN5b0YJtiPal7zHGTVWerjDGz8IiOqcdoolt+xOQf4Sb05KMEetU/wMujFLI5SGCap1y3MT086oMpwJHBeCVGNC2ZD2sWWppBHqdja9eEyOrNIlvVjZkoZM1Z8TGY20HkWh7YyoGehFbyL+57VS07toZ1wmqUHJZot6qSAmJpP3SZcrZEaMLKFMcXsrYQOqKDM2pIINwVt8+S+pn5S9Srlye1aqXs7jyMMBHMIxeHAOVbiGGvjAQMITvMCro51n5815n7XmnPnMPvyC8/ENalyQHQ==</latexit>

ReLU

r3

<latexit sha1_base64="MQIQ5gorVxf1ZiNfUfhpp3PvwuM=">AAAB8XicbVA9TwJBEJ3DL8Qv1NJmIzGxInfGoCXRxsICjQdEjpC9ZYANe3uX3T0TQvgXNhYaY+u/sfPfuMAVCr5kkpf3ZjIzL0wE18Z1v53cyura+kZ+s7C1vbO7V9w/qOs4VQx9FotYNUOqUXCJvuFGYDNRSKNQYCMcXk/9xhMqzWP5YEYJtiPal7zHGTVWerzHWz8IiOqcd4olt+zOQJaJl5ESZKh1il9BN2ZphNIwQbVueW5i2mOqDGcCJ4Ug1ZhQNqR9bFkqaYS6PZ5dPCEnVumSXqxsSUNm6u+JMY20HkWh7YyoGehFbyr+57VS07tsj7lMUoOSzRf1UkFMTKbvky5XyIwYWUKZ4vZWwgZUUWZsSAUbgrf48jKpn5W9Srlyd16qXmVx5OEIjuEUPLiAKtxADXxgIOEZXuHN0c6L8+58zFtzTjZzCH/gfP4Aa+CQHg==</latexit>

ReLU

r4

[-1,1]

[-1,1]

<latexit sha1_base64="izn73OTm3XgsIYh7TdX9YQVLTeo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BL95MwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mHGCfkQHkoecUWOl+n2vWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rw2p9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUq5Ur8sVW+yOPJwAqdwDh5cQRXuoAYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A6unjN4=</latexit>

O

<latexit sha1_base64="cT3z+/LKf/DKKyfnnlxX1lOJRwc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYnvcmQ2dllZlYMSz7BiwdFvPpF3vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtB1Sax/LejBP0IzqQPOSMGivdPfa8XrniVt0ZyF/i5aQCOeq98me3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JklT4JY2VLGjJTf05kNNJ6HAW2M6JmqBe9qfif10lNeOlnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb78lzRPqt559ez2tFK7yuMowgEcwjF4cAE1uIE6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxzcO8I2q</latexit>x1

<latexit sha1_base64="WQ1eUAu1DD8mx6Eo/k6Syc0haI4=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaJryPRi0eM8khgQ2aHBibMzm5mZo1kwyd48aAxXv0ib/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0M/Wbj6g0j+SDGcfoh3QgeZ8zaqx0/9StdIslt+zOQJaJl5ESZKh1i1+dXsSSEKVhgmrd9tzY+ClVhjOBk0In0RhTNqIDbFsqaYjaT2enTsiJVXqkHylb0pCZ+nsipaHW4zCwnSE1Q73oTcX/vHZi+ld+ymWcGJRsvqifCGIiMv2b9LhCZsTYEsoUt7cSNqSKMmPTKdgQvMWXl0mjUvYuyud3Z6XqdRZHHo7gGE7Bg0uowi3UoA4MBvAMr/DmCOfFeXc+5q05J5s5hD9wPn8AEHSNqw==</latexit>x2

Input: Output:

Network:

Specification:
<latexit sha1_base64="Sx0UlgRKQST4s7bmjUXwrr26xH4=">AAAB9XicbVBNS8NAEN3Ur1q/qh69LBbBU0lEqseiF48R7Ac0sWw2k3bpZhN2N5YS+j+8eFDEq//Fm//GbZuDtj4YeLw3w8y8IOVMadv+tkpr6xubW+Xtys7u3v5B9fCorZJMUmjRhCeyGxAFnAloaaY5dFMJJA44dILR7czvPIFULBEPepKCH5OBYBGjRBvp0XOHzBtDOADPVaxfrdl1ew68SpyC1FABt1/98sKEZjEITTlRqufYqfZzIjWjHKYVL1OQEjoiA+gZKkgMys/nV0/xmVFCHCXSlNB4rv6eyEms1CQOTGdM9FAtezPxP6+X6ejaz5lIMw2CLhZFGcc6wbMIcMgkUM0nhhAqmbkV0yGRhGoTVMWE4Cy/vEraF3WnUW/cX9aaN0UcZXSCTtE5ctAVaqI75KIWokiiZ/SK3qyx9WK9Wx+L1pJVzByjP7A+fwBwsJJ+</latexit>

� ^ 

<latexit sha1_base64="+qqeNhg7gs2baKY/L31S1IZaCLI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqhP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBzoOM9Q==</latexit>

f

<latexit sha1_base64="KvhQWvpnnxt+0LDtWNbxjptKVxE=">AAAB9XicbVBNS8NAEJ3Ur1q/oh69LBahXkoiUr0oRS/erGA/oI1ls920SzebsLtRSuj/8OJBEa/+F2/+G7dtDtr6YODx3gwz8/yYM6Ud59vKLS2vrK7l1wsbm1vbO/buXkNFiSS0TiIeyZaPFeVM0LpmmtNWLCkOfU6b/vB64jcfqVQsEvd6FFMvxH3BAkawNtJDp6YYukClW3SJnOOuXXTKzhRokbgZKUKGWtf+6vQikoRUaMKxUm3XibWXYqkZ4XRc6CSKxpgMcZ+2DRU4pMpLp1eP0ZFReiiIpCmh0VT9PZHiUKlR6JvOEOuBmvcm4n9eO9HBuZcyESeaCjJbFCQc6QhNIkA9JinRfGQIJpKZWxEZYImJNkEVTAju/MuLpHFSdivlyt1psXqVxZGHAziEErhwBlW4gRrUgYCEZ3iFN+vJerHerY9Za87KZvbhD6zPHzfUkGQ=</latexit>

! = (O > 0)
<latexit sha1_base64="D+vvXernOApNP0O4QwTQWGHZXkc=">AAACFHicbZDLSgMxFIYz9VbrbdSlm2ARBLXMFKkiCEU3LivYC3SGkklP29BMZkgyail9CDe+ihsXirh14c63Mb0sausPgZ/vnMPJ+YOYM6Ud58dKLSwuLa+kVzNr6xubW/b2TkVFiaRQphGPZC0gCjgTUNZMc6jFEkgYcKgG3ethvXoPUrFI3OleDH5I2oK1GCXaoIZ95JU67OISPzZc7DGB6yfusetj7wGabTA0P0UbdtbJOSPheeNOTBZNVGrY314zokkIQlNOlKq7Tqz9PpGaUQ6DjJcoiAntkjbUjRUkBOX3R0cN8IEhTdyKpHlC4xGdnuiTUKleGJjOkOiOmq0N4X+1eqJb536fiTjRIOh4USvhWEd4mBBuMglU854xhEpm/opph0hCtckxY0JwZ0+eN5V8zi3kCren2eLVJI402kP76BC56AwV0Q0qoTKi6Am9oDf0bj1br9aH9TluTVmTmV30R9bXL+spmv0=</latexit>

! := x1 → [↑1, 1] ↓ x2 → [↑1, 1]

• The branch-and-bounda aims to achieve
ideal precise verification by dividing a
problem into subproblems (branch) and
eliminating those that cannot lead to an
optimal solution (bound)

ahttps://en.wikipedia.org/wiki/Branch_and_bound
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<latexit sha1_base64="iahbBj2j4tEgJ7y75Tl2N8tJd9E=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSIIQklEqseiF48VTFtoY9lsp+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhQ8epYuizWMSqFVKNgkv0DTcCW4lCGoUCm+Hoduo3n1BpHssHM04wiOhA8j5n1FjJV4/nXa9bKrsVdwayTLyclCFHvVv66vRilkYoDRNU67bnJibIqDKcCZwUO6nGhLIRHWDbUkkj1EE2O3ZCTq3SI/1Y2ZKGzNTfExmNtB5Hoe2MqBnqRW8q/ue1U9O/DjIuk9SgZPNF/VQQE5Pp56THFTIjxpZQpri9lbAhVZQZm0/RhuAtvrxMGhcVr1qp3l+Wazd5HAU4hhM4Aw+uoAZ3UAcfGHB4hld4c6Tz4rw7H/PWFSefOYI/cD5/ACH3jkI=</latexit>

r+1
<latexit sha1_base64="9jR8vzZCZCl5lp+8nqqX0wAi3Eo=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4sSQi1WPRi8cKpi20sWy203bpZhN2N0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemAiujet+Oyura+sbm4Wt4vbO7t5+6eCwoeNUMfRZLGLVCqlGwSX6hhuBrUQhjUKBzXB0O/WbT6g0j+WDGScYRHQgeZ8zaqzkq8fzrtctld2KOwNZJl5OypCj3i19dXoxSyOUhgmqddtzExNkVBnOBE6KnVRjQtmIDrBtqaQR6iCbHTshp1bpkX6sbElDZurviYxGWo+j0HZG1Az1ojcV//PaqelfBxmXSWpQsvmifiqIicn0c9LjCpkRY0soU9zeStiQKsqMzadoQ/AWX14mjYuKV61U7y/LtZs8jgIcwwmcgQdXUIM7qIMPDDg8wyu8OdJ5cd6dj3nripPPHMEfOJ8/JQOORA==</latexit>

r�1

<latexit sha1_base64="ANgvhIgdq15Wh3lj9Fks5VJ0nis=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRZBEMpukeqx6MVjBbcttGvJptk2NJssSVYoS3+DFw+KePUHefPfmLZ70NYHA4/3ZpiZFyacaeO6305hbX1jc6u4XdrZ3ds/KB8etbRMFaE+kVyqTog15UxQ3zDDaSdRFMchp+1wfDvz209UaSbFg5kkNIjxULCIEWys5KvHi36tX664VXcOtEq8nFQgR7Nf/uoNJEljKgzhWOuu5yYmyLAyjHA6LfVSTRNMxnhIu5YKHFMdZPNjp+jMKgMUSWVLGDRXf09kONZ6Eoe2M8ZmpJe9mfif101NdB1kTCSpoYIsFkUpR0ai2edowBQlhk8swUQxeysiI6wwMTafkg3BW355lbRqVa9erd9fVho3eRxFOIFTOAcPrqABd9AEHwgweIZXeHOE8+K8Ox+L1oKTzxzDHzifPyN7jkM=</latexit>

r+2
<latexit sha1_base64="hsKO+JPCw1izLSG1nLMi8Txhe1M=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRmLiRbJLDHokevGIiQsksJJu6UJDt920XROy4Td48aAxXv1B3vw3FtiDgi+Z5OW9mczMCxPOtHHdb6ewtr6xuVXcLu3s7u0flA+PWlqmilCfSC5VJ8Saciaob5jhtJMoiuOQ03Y4vp357SeqNJPiwUwSGsR4KFjECDZW8tXjRb/WL1fcqjsHWiVeTiqQo9kvf/UGkqQxFYZwrHXXcxMTZFgZRjidlnqppgkmYzykXUsFjqkOsvmxU3RmlQGKpLIlDJqrvycyHGs9iUPbGWMz0sveTPzP66Ymug4yJpLUUEEWi6KUIyPR7HM0YIoSwyeWYKKYvRWREVaYGJtPyYbgLb+8Slq1qlev1u8vK42bPI4inMApnIMHV9CAO2iCDwQYPMMrvDnCeXHenY9Fa8HJZ47hD5zPHyaHjkU=</latexit>

r�2

0.23 0.75

<latexit sha1_base64="ANgvhIgdq15Wh3lj9Fks5VJ0nis=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRZBEMpukeqx6MVjBbcttGvJptk2NJssSVYoS3+DFw+KePUHefPfmLZ70NYHA4/3ZpiZFyacaeO6305hbX1jc6u4XdrZ3ds/KB8etbRMFaE+kVyqTog15UxQ3zDDaSdRFMchp+1wfDvz209UaSbFg5kkNIjxULCIEWys5KvHi36tX664VXcOtEq8nFQgR7Nf/uoNJEljKgzhWOuu5yYmyLAyjHA6LfVSTRNMxnhIu5YKHFMdZPNjp+jMKgMUSWVLGDRXf09kONZ6Eoe2M8ZmpJe9mfif101NdB1kTCSpoYIsFkUpR0ai2edowBQlhk8swUQxeysiI6wwMTafkg3BW355lbRqVa9erd9fVho3eRxFOIFTOAcPrqABd9AEHwgweIZXeHOE8+K8Ox+L1oKTzxzDHzifPyN7jkM=</latexit>

r+2
<latexit sha1_base64="hsKO+JPCw1izLSG1nLMi8Txhe1M=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRmLiRbJLDHokevGIiQsksJJu6UJDt920XROy4Td48aAxXv1B3vw3FtiDgi+Z5OW9mczMCxPOtHHdb6ewtr6xuVXcLu3s7u0flA+PWlqmilCfSC5VJ8Saciaob5jhtJMoiuOQ03Y4vp357SeqNJPiwUwSGsR4KFjECDZW8tXjRb/WL1fcqjsHWiVeTiqQo9kvf/UGkqQxFYZwrHXXcxMTZFgZRjidlnqppgkmYzykXUsFjqkOsvmxU3RmlQGKpLIlDJqrvycyHGs9iUPbGWMz0sveTPzP66Ymug4yJpLUUEEWi6KUIyPR7HM0YIoSwyeWYKKYvRWREVaYGJtPyYbgLb+8Slq1qlev1u8vK42bPI4inMApnIMHV9CAO2iCDwQYPMMrvDnCeXHenY9Fa8HJZ47hD5zPHyaHjkU=</latexit>

r�2

-2.7

-2.52 -2.65

<latexit sha1_base64="iahbBj2j4tEgJ7y75Tl2N8tJd9E=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSIIQklEqseiF48VTFtoY9lsp+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhQ8epYuizWMSqFVKNgkv0DTcCW4lCGoUCm+Hoduo3n1BpHssHM04wiOhA8j5n1FjJV4/nXa9bKrsVdwayTLyclCFHvVv66vRilkYoDRNU67bnJibIqDKcCZwUO6nGhLIRHWDbUkkj1EE2O3ZCTq3SI/1Y2ZKGzNTfExmNtB5Hoe2MqBnqRW8q/ue1U9O/DjIuk9SgZPNF/VQQE5Pp56THFTIjxpZQpri9lbAhVZQZm0/RhuAtvrxMGhcVr1qp3l+Wazd5HAU4hhM4Aw+uoAZ3UAcfGHB4hld4c6Tz4rw7H/PWFSefOYI/cD5/ACH3jkI=</latexit>

r+1
<latexit sha1_base64="9jR8vzZCZCl5lp+8nqqX0wAi3Eo=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4sSQi1WPRi8cKpi20sWy203bpZhN2N0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemAiujet+Oyura+sbm4Wt4vbO7t5+6eCwoeNUMfRZLGLVCqlGwSX6hhuBrUQhjUKBzXB0O/WbT6g0j+WDGScYRHQgeZ8zaqzkq8fzrtctld2KOwNZJl5OypCj3i19dXoxSyOUhgmqddtzExNkVBnOBE6KnVRjQtmIDrBtqaQR6iCbHTshp1bpkX6sbElDZurviYxGWo+j0HZG1Az1ojcV//PaqelfBxmXSWpQsvmifiqIicn0c9LjCpkRY0soU9zeStiQKsqMzadoQ/AWX14mjYuKV61U7y/LtZs8jgIcwwmcgQdXUIM7qIMPDDg8wyu8OdJ5cd6dj3nripPPHMEfOJ8/JQOORA==</latexit>

r�1

True Counterexample
Step 2 Step 3

<latexit sha1_base64="/U/gvuyJEDLbxG200RfhzeWwVns=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2m3bpZhN2J2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//ci1EbF6wEnC/YgOlQgFo2ildm9EMXua9ssVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOyVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2e9kIDRnKCeWUKaFvZWwEdWUoU2oZEPwll9eJa2Lqler1u4vK/WbPI4inMApnIMHV1CHO2hAExiM4Rle4c1JnBfn3flYtBacfOYY/sD5/AGzzo/U</latexit>

x̂

Branch-and-Bound (BaB) Tree

• Split activation ReLU r1 input into r+1 (x1 ≥ 0) and r−1 (x1 < 0).
• Split activation ReLU r2 input into r+2 (x2 ≥ 0) and r−2 (x2 < 0).
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Branch-and-Bound-Based Approach (Bunel+, JMLR’20)
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<latexit sha1_base64="A4pHexuG1nBV+KLVGh5sIafbECs=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx48RDEPzC5hdtJJhszOLjOzQljyF148KOLVv/Hm3zh5HDSxoKGo6qa7K0wE18Z1v53cyura+kZ+s7C1vbO7V9w/aOg4VQzrLBaxaoVUo+AS64Ybga1EIY1Cgc1weD3xm0+oNI/lgxklGES0L3mPM2qs9HiPt3XfJ6rjdYolt+xOQZaJNyclmKPWKX753ZilEUrDBNW67bmJCTKqDGcCxwU/1ZhQNqR9bFsqaYQ6yKYXj8mJVbqkFytb0pCp+nsio5HWoyi0nRE1A73oTcT/vHZqepdBxmWSGpRstqiXCmJiMnmfdLlCZsTIEsoUt7cSNqCKMmNDKtgQvMWXl0njrOxVypW781L1ah5HHo7gGE7Bgwuowg3UoA4MJDzDK7w52nlx3p2PWWvOmc8cwh84nz9nVJAb</latexit>

ReLU

r1

<latexit sha1_base64="22B3VVfIuubqAVHp/aOtR/u/y5Q=">AAAB8XicbVA9TwJBEJ3zE/ELtbTZSEysyB0xaEm0sbBA4wGRI2RvGWDD3t5ld8+EEP6FjYXG2Ppv7Pw3LnCFgi+Z5OW9mczMCxPBtXHdb2dldW19YzO3ld/e2d3bLxwc1nWcKoY+i0WsmiHVKLhE33AjsJkopFEosBEOr6d+4wmV5rF8MKME2xHtS97jjBorPd7jrR8ERHXKnULRLbkzkGXiZaQIGWqdwlfQjVkaoTRMUK1bnpuY9pgqw5nAST5INSaUDWkfW5ZKGqFuj2cXT8ipVbqkFytb0pCZ+ntiTCOtR1FoOyNqBnrRm4r/ea3U9C7bYy6T1KBk80W9VBATk+n7pMsVMiNGllCmuL2VsAFVlBkbUt6G4C2+vEzq5ZJXKVXuzovVqyyOHBzDCZyBBxdQhRuogQ8MJDzDK7w52nlx3p2PeeuKk80cwR84nz9o2JAc</latexit>

ReLU

r2

<latexit sha1_base64="paxeZeDE8/zOaZpX4VLxs/WoZaw=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5UomXQxsIiipcEcyHsbSbJkr29Y3dPCEf+hY2FIrb+Gzv/jZuPQqMPBh7vzTAzL0wE18Z1v5zc0vLK6lp+vbCxubW9U9zdq+s4VQx9FotYNUOqUXCJvuFGYDNRSKNQYCMcXk38xiMqzWN5b0YJtiPal7zHGTVWerjDGz8IiOqcdoolt+xOQf4Sb05KMEetU/wMujFLI5SGCap1y3MT086oMpwJHBeCVGNC2ZD2sWWppBHqdja9eEyOrNIlvVjZkoZM1Z8TGY20HkWh7YyoGehFbyL+57VS07toZ1wmqUHJZot6qSAmJpP3SZcrZEaMLKFMcXsrYQOqKDM2pIINwVt8+S+pn5S9Srlye1aqXs7jyMMBHMIxeHAOVbiGGvjAQMITvMCro51n5815n7XmnPnMPvyC8/ENalyQHQ==</latexit>

ReLU

r3

<latexit sha1_base64="MQIQ5gorVxf1ZiNfUfhpp3PvwuM=">AAAB8XicbVA9TwJBEJ3DL8Qv1NJmIzGxInfGoCXRxsICjQdEjpC9ZYANe3uX3T0TQvgXNhYaY+u/sfPfuMAVCr5kkpf3ZjIzL0wE18Z1v53cyura+kZ+s7C1vbO7V9w/qOs4VQx9FotYNUOqUXCJvuFGYDNRSKNQYCMcXk/9xhMqzWP5YEYJtiPal7zHGTVWerzHWz8IiOqcd4olt+zOQJaJl5ESZKh1il9BN2ZphNIwQbVueW5i2mOqDGcCJ4Ug1ZhQNqR9bFkqaYS6PZ5dPCEnVumSXqxsSUNm6u+JMY20HkWh7YyoGehFbyr+57VS07tsj7lMUoOSzRf1UkFMTKbvky5XyIwYWUKZ4vZWwgZUUWZsSAUbgrf48jKpn5W9Srlyd16qXmVx5OEIjuEUPLiAKtxADXxgIOEZXuHN0c6L8+58zFtzTjZzCH/gfP4Aa+CQHg==</latexit>

ReLU

r4

[-1,1]

[-1,1]

<latexit sha1_base64="izn73OTm3XgsIYh7TdX9YQVLTeo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BL95MwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mHGCfkQHkoecUWOl+n2vWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rw2p9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUq5Ur8sVW+yOPJwAqdwDh5cQRXuoAYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A6unjN4=</latexit>

O

<latexit sha1_base64="cT3z+/LKf/DKKyfnnlxX1lOJRwc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYnvcmQ2dllZlYMSz7BiwdFvPpF3vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtB1Sax/LejBP0IzqQPOSMGivdPfa8XrniVt0ZyF/i5aQCOeq98me3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JklT4JY2VLGjJTf05kNNJ6HAW2M6JmqBe9qfif10lNeOlnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb78lzRPqt559ez2tFK7yuMowgEcwjF4cAE1uIE6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxzcO8I2q</latexit>x1

<latexit sha1_base64="WQ1eUAu1DD8mx6Eo/k6Syc0haI4=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaJryPRi0eM8khgQ2aHBibMzm5mZo1kwyd48aAxXv0ib/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0M/Wbj6g0j+SDGcfoh3QgeZ8zaqx0/9StdIslt+zOQJaJl5ESZKh1i1+dXsSSEKVhgmrd9tzY+ClVhjOBk0In0RhTNqIDbFsqaYjaT2enTsiJVXqkHylb0pCZ+nsipaHW4zCwnSE1Q73oTcX/vHZi+ld+ymWcGJRsvqifCGIiMv2b9LhCZsTYEsoUt7cSNqSKMmPTKdgQvMWXl0mjUvYuyud3Z6XqdRZHHo7gGE7Bg0uowi3UoA4MBvAMr/DmCOfFeXc+5q05J5s5hD9wPn8AEHSNqw==</latexit>x2

Input: Output:

Network:

Specification:
<latexit sha1_base64="Sx0UlgRKQST4s7bmjUXwrr26xH4=">AAAB9XicbVBNS8NAEN3Ur1q/qh69LBbBU0lEqseiF48R7Ac0sWw2k3bpZhN2N5YS+j+8eFDEq//Fm//GbZuDtj4YeLw3w8y8IOVMadv+tkpr6xubW+Xtys7u3v5B9fCorZJMUmjRhCeyGxAFnAloaaY5dFMJJA44dILR7czvPIFULBEPepKCH5OBYBGjRBvp0XOHzBtDOADPVaxfrdl1ew68SpyC1FABt1/98sKEZjEITTlRqufYqfZzIjWjHKYVL1OQEjoiA+gZKkgMys/nV0/xmVFCHCXSlNB4rv6eyEms1CQOTGdM9FAtezPxP6+X6ejaz5lIMw2CLhZFGcc6wbMIcMgkUM0nhhAqmbkV0yGRhGoTVMWE4Cy/vEraF3WnUW/cX9aaN0UcZXSCTtE5ctAVaqI75KIWokiiZ/SK3qyx9WK9Wx+L1pJVzByjP7A+fwBwsJJ+</latexit>

� ^ 

<latexit sha1_base64="+qqeNhg7gs2baKY/L31S1IZaCLI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqhP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBzoOM9Q==</latexit>

f

<latexit sha1_base64="KvhQWvpnnxt+0LDtWNbxjptKVxE=">AAAB9XicbVBNS8NAEJ3Ur1q/oh69LBahXkoiUr0oRS/erGA/oI1ls920SzebsLtRSuj/8OJBEa/+F2/+G7dtDtr6YODx3gwz8/yYM6Ud59vKLS2vrK7l1wsbm1vbO/buXkNFiSS0TiIeyZaPFeVM0LpmmtNWLCkOfU6b/vB64jcfqVQsEvd6FFMvxH3BAkawNtJDp6YYukClW3SJnOOuXXTKzhRokbgZKUKGWtf+6vQikoRUaMKxUm3XibWXYqkZ4XRc6CSKxpgMcZ+2DRU4pMpLp1eP0ZFReiiIpCmh0VT9PZHiUKlR6JvOEOuBmvcm4n9eO9HBuZcyESeaCjJbFCQc6QhNIkA9JinRfGQIJpKZWxEZYImJNkEVTAju/MuLpHFSdivlyt1psXqVxZGHAziEErhwBlW4gRrUgYCEZ3iFN+vJerHerY9Za87KZvbhD6zPHzfUkGQ=</latexit>

! = (O > 0)
<latexit sha1_base64="D+vvXernOApNP0O4QwTQWGHZXkc=">AAACFHicbZDLSgMxFIYz9VbrbdSlm2ARBLXMFKkiCEU3LivYC3SGkklP29BMZkgyail9CDe+ihsXirh14c63Mb0sausPgZ/vnMPJ+YOYM6Ud58dKLSwuLa+kVzNr6xubW/b2TkVFiaRQphGPZC0gCjgTUNZMc6jFEkgYcKgG3ethvXoPUrFI3OleDH5I2oK1GCXaoIZ95JU67OISPzZc7DGB6yfusetj7wGabTA0P0UbdtbJOSPheeNOTBZNVGrY314zokkIQlNOlKq7Tqz9PpGaUQ6DjJcoiAntkjbUjRUkBOX3R0cN8IEhTdyKpHlC4xGdnuiTUKleGJjOkOiOmq0N4X+1eqJb536fiTjRIOh4USvhWEd4mBBuMglU854xhEpm/opph0hCtckxY0JwZ0+eN5V8zi3kCren2eLVJI402kP76BC56AwV0Q0qoTKi6Am9oDf0bj1br9aH9TluTVmTmV30R9bXL+spmv0=</latexit>

! := x1 → [↑1, 1] ↓ x2 → [↑1, 1]

• The branch-and-bounda aims to achieve
ideal precise verification by dividing a
problem into subproblems (branch) and
eliminating those that cannot lead to an
optimal solution (bound)

ahttps://en.wikipedia.org/wiki/Branch_and_bound
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<latexit sha1_base64="iahbBj2j4tEgJ7y75Tl2N8tJd9E=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSIIQklEqseiF48VTFtoY9lsp+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhQ8epYuizWMSqFVKNgkv0DTcCW4lCGoUCm+Hoduo3n1BpHssHM04wiOhA8j5n1FjJV4/nXa9bKrsVdwayTLyclCFHvVv66vRilkYoDRNU67bnJibIqDKcCZwUO6nGhLIRHWDbUkkj1EE2O3ZCTq3SI/1Y2ZKGzNTfExmNtB5Hoe2MqBnqRW8q/ue1U9O/DjIuk9SgZPNF/VQQE5Pp56THFTIjxpZQpri9lbAhVZQZm0/RhuAtvrxMGhcVr1qp3l+Wazd5HAU4hhM4Aw+uoAZ3UAcfGHB4hld4c6Tz4rw7H/PWFSefOYI/cD5/ACH3jkI=</latexit>

r+1
<latexit sha1_base64="9jR8vzZCZCl5lp+8nqqX0wAi3Eo=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4sSQi1WPRi8cKpi20sWy203bpZhN2N0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemAiujet+Oyura+sbm4Wt4vbO7t5+6eCwoeNUMfRZLGLVCqlGwSX6hhuBrUQhjUKBzXB0O/WbT6g0j+WDGScYRHQgeZ8zaqzkq8fzrtctld2KOwNZJl5OypCj3i19dXoxSyOUhgmqddtzExNkVBnOBE6KnVRjQtmIDrBtqaQR6iCbHTshp1bpkX6sbElDZurviYxGWo+j0HZG1Az1ojcV//PaqelfBxmXSWpQsvmifiqIicn0c9LjCpkRY0soU9zeStiQKsqMzadoQ/AWX14mjYuKV61U7y/LtZs8jgIcwwmcgQdXUIM7qIMPDDg8wyu8OdJ5cd6dj3nripPPHMEfOJ8/JQOORA==</latexit>

r�1

<latexit sha1_base64="ANgvhIgdq15Wh3lj9Fks5VJ0nis=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRZBEMpukeqx6MVjBbcttGvJptk2NJssSVYoS3+DFw+KePUHefPfmLZ70NYHA4/3ZpiZFyacaeO6305hbX1jc6u4XdrZ3ds/KB8etbRMFaE+kVyqTog15UxQ3zDDaSdRFMchp+1wfDvz209UaSbFg5kkNIjxULCIEWys5KvHi36tX664VXcOtEq8nFQgR7Nf/uoNJEljKgzhWOuu5yYmyLAyjHA6LfVSTRNMxnhIu5YKHFMdZPNjp+jMKgMUSWVLGDRXf09kONZ6Eoe2M8ZmpJe9mfif101NdB1kTCSpoYIsFkUpR0ai2edowBQlhk8swUQxeysiI6wwMTafkg3BW355lbRqVa9erd9fVho3eRxFOIFTOAcPrqABd9AEHwgweIZXeHOE8+K8Ox+L1oKTzxzDHzifPyN7jkM=</latexit>

r+2
<latexit sha1_base64="hsKO+JPCw1izLSG1nLMi8Txhe1M=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRmLiRbJLDHokevGIiQsksJJu6UJDt920XROy4Td48aAxXv1B3vw3FtiDgi+Z5OW9mczMCxPOtHHdb6ewtr6xuVXcLu3s7u0flA+PWlqmilCfSC5VJ8Saciaob5jhtJMoiuOQ03Y4vp357SeqNJPiwUwSGsR4KFjECDZW8tXjRb/WL1fcqjsHWiVeTiqQo9kvf/UGkqQxFYZwrHXXcxMTZFgZRjidlnqppgkmYzykXUsFjqkOsvmxU3RmlQGKpLIlDJqrvycyHGs9iUPbGWMz0sveTPzP66Ymug4yJpLUUEEWi6KUIyPR7HM0YIoSwyeWYKKYvRWREVaYGJtPyYbgLb+8Slq1qlev1u8vK42bPI4inMApnIMHV9CAO2iCDwQYPMMrvDnCeXHenY9Fa8HJZ47hD5zPHyaHjkU=</latexit>

r�2

0.23 0.75

<latexit sha1_base64="ANgvhIgdq15Wh3lj9Fks5VJ0nis=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRZBEMpukeqx6MVjBbcttGvJptk2NJssSVYoS3+DFw+KePUHefPfmLZ70NYHA4/3ZpiZFyacaeO6305hbX1jc6u4XdrZ3ds/KB8etbRMFaE+kVyqTog15UxQ3zDDaSdRFMchp+1wfDvz209UaSbFg5kkNIjxULCIEWys5KvHi36tX664VXcOtEq8nFQgR7Nf/uoNJEljKgzhWOuu5yYmyLAyjHA6LfVSTRNMxnhIu5YKHFMdZPNjp+jMKgMUSWVLGDRXf09kONZ6Eoe2M8ZmpJe9mfif101NdB1kTCSpoYIsFkUpR0ai2edowBQlhk8swUQxeysiI6wwMTafkg3BW355lbRqVa9erd9fVho3eRxFOIFTOAcPrqABd9AEHwgweIZXeHOE8+K8Ox+L1oKTzxzDHzifPyN7jkM=</latexit>

r+2
<latexit sha1_base64="hsKO+JPCw1izLSG1nLMi8Txhe1M=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRmLiRbJLDHokevGIiQsksJJu6UJDt920XROy4Td48aAxXv1B3vw3FtiDgi+Z5OW9mczMCxPOtHHdb6ewtr6xuVXcLu3s7u0flA+PWlqmilCfSC5VJ8Saciaob5jhtJMoiuOQ03Y4vp357SeqNJPiwUwSGsR4KFjECDZW8tXjRb/WL1fcqjsHWiVeTiqQo9kvf/UGkqQxFYZwrHXXcxMTZFgZRjidlnqppgkmYzykXUsFjqkOsvmxU3RmlQGKpLIlDJqrvycyHGs9iUPbGWMz0sveTPzP66Ymug4yJpLUUEEWi6KUIyPR7HM0YIoSwyeWYKKYvRWREVaYGJtPyYbgLb+8Slq1qlev1u8vK42bPI4inMApnIMHV9CAO2iCDwQYPMMrvDnCeXHenY9Fa8HJZ47hD5zPHyaHjkU=</latexit>

r�2

-2.7

-2.52 -2.65

<latexit sha1_base64="iahbBj2j4tEgJ7y75Tl2N8tJd9E=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSIIQklEqseiF48VTFtoY9lsp+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhQ8epYuizWMSqFVKNgkv0DTcCW4lCGoUCm+Hoduo3n1BpHssHM04wiOhA8j5n1FjJV4/nXa9bKrsVdwayTLyclCFHvVv66vRilkYoDRNU67bnJibIqDKcCZwUO6nGhLIRHWDbUkkj1EE2O3ZCTq3SI/1Y2ZKGzNTfExmNtB5Hoe2MqBnqRW8q/ue1U9O/DjIuk9SgZPNF/VQQE5Pp56THFTIjxpZQpri9lbAhVZQZm0/RhuAtvrxMGhcVr1qp3l+Wazd5HAU4hhM4Aw+uoAZ3UAcfGHB4hld4c6Tz4rw7H/PWFSefOYI/cD5/ACH3jkI=</latexit>

r+1
<latexit sha1_base64="9jR8vzZCZCl5lp+8nqqX0wAi3Eo=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4sSQi1WPRi8cKpi20sWy203bpZhN2N0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemAiujet+Oyura+sbm4Wt4vbO7t5+6eCwoeNUMfRZLGLVCqlGwSX6hhuBrUQhjUKBzXB0O/WbT6g0j+WDGScYRHQgeZ8zaqzkq8fzrtctld2KOwNZJl5OypCj3i19dXoxSyOUhgmqddtzExNkVBnOBE6KnVRjQtmIDrBtqaQR6iCbHTshp1bpkX6sbElDZurviYxGWo+j0HZG1Az1ojcV//PaqelfBxmXSWpQsvmifiqIicn0c9LjCpkRY0soU9zeStiQKsqMzadoQ/AWX14mjYuKV61U7y/LtZs8jgIcwwmcgQdXUIM7qIMPDDg8wyu8OdJ5cd6dj3nripPPHMEfOJ8/JQOORA==</latexit>

r�1

True Counterexample
Step 2 Step 3

<latexit sha1_base64="/U/gvuyJEDLbxG200RfhzeWwVns=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2m3bpZhN2J2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//ci1EbF6wEnC/YgOlQgFo2ildm9EMXua9ssVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOyVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2e9kIDRnKCeWUKaFvZWwEdWUoU2oZEPwll9eJa2Lqler1u4vK/WbPI4inMApnIMHV1CHO2hAExiM4Rle4c1JnBfn3flYtBacfOYY/sD5/AGzzo/U</latexit>

x̂

Branch-and-Bound (BaB) Tree

• Split activation ReLU r1 input into r+1 (x1 ≥ 0) and r−1 (x1 < 0).
• Split activation ReLU r2 input into r+2 (x2 ≥ 0) and r−2 (x2 < 0).
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Branch-and-Bound-Based Approach (Bunel+, JMLR’20)
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<latexit sha1_base64="A4pHexuG1nBV+KLVGh5sIafbECs=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx48RDEPzC5hdtJJhszOLjOzQljyF148KOLVv/Hm3zh5HDSxoKGo6qa7K0wE18Z1v53cyura+kZ+s7C1vbO7V9w/aOg4VQzrLBaxaoVUo+AS64Ybga1EIY1Cgc1weD3xm0+oNI/lgxklGES0L3mPM2qs9HiPt3XfJ6rjdYolt+xOQZaJNyclmKPWKX753ZilEUrDBNW67bmJCTKqDGcCxwU/1ZhQNqR9bFsqaYQ6yKYXj8mJVbqkFytb0pCp+nsio5HWoyi0nRE1A73oTcT/vHZqepdBxmWSGpRstqiXCmJiMnmfdLlCZsTIEsoUt7cSNqCKMmNDKtgQvMWXl0njrOxVypW781L1ah5HHo7gGE7Bgwuowg3UoA4MJDzDK7w52nlx3p2PWWvOmc8cwh84nz9nVJAb</latexit>

ReLU

r1

<latexit sha1_base64="22B3VVfIuubqAVHp/aOtR/u/y5Q=">AAAB8XicbVA9TwJBEJ3zE/ELtbTZSEysyB0xaEm0sbBA4wGRI2RvGWDD3t5ld8+EEP6FjYXG2Ppv7Pw3LnCFgi+Z5OW9mczMCxPBtXHdb2dldW19YzO3ld/e2d3bLxwc1nWcKoY+i0WsmiHVKLhE33AjsJkopFEosBEOr6d+4wmV5rF8MKME2xHtS97jjBorPd7jrR8ERHXKnULRLbkzkGXiZaQIGWqdwlfQjVkaoTRMUK1bnpuY9pgqw5nAST5INSaUDWkfW5ZKGqFuj2cXT8ipVbqkFytb0pCZ+ntiTCOtR1FoOyNqBnrRm4r/ea3U9C7bYy6T1KBk80W9VBATk+n7pMsVMiNGllCmuL2VsAFVlBkbUt6G4C2+vEzq5ZJXKVXuzovVqyyOHBzDCZyBBxdQhRuogQ8MJDzDK7w52nlx3p2PeeuKk80cwR84nz9o2JAc</latexit>

ReLU

r2

<latexit sha1_base64="paxeZeDE8/zOaZpX4VLxs/WoZaw=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5UomXQxsIiipcEcyHsbSbJkr29Y3dPCEf+hY2FIrb+Gzv/jZuPQqMPBh7vzTAzL0wE18Z1v5zc0vLK6lp+vbCxubW9U9zdq+s4VQx9FotYNUOqUXCJvuFGYDNRSKNQYCMcXk38xiMqzWN5b0YJtiPal7zHGTVWerjDGz8IiOqcdoolt+xOQf4Sb05KMEetU/wMujFLI5SGCap1y3MT086oMpwJHBeCVGNC2ZD2sWWppBHqdja9eEyOrNIlvVjZkoZM1Z8TGY20HkWh7YyoGehFbyL+57VS07toZ1wmqUHJZot6qSAmJpP3SZcrZEaMLKFMcXsrYQOqKDM2pIINwVt8+S+pn5S9Srlye1aqXs7jyMMBHMIxeHAOVbiGGvjAQMITvMCro51n5815n7XmnPnMPvyC8/ENalyQHQ==</latexit>

ReLU

r3

<latexit sha1_base64="MQIQ5gorVxf1ZiNfUfhpp3PvwuM=">AAAB8XicbVA9TwJBEJ3DL8Qv1NJmIzGxInfGoCXRxsICjQdEjpC9ZYANe3uX3T0TQvgXNhYaY+u/sfPfuMAVCr5kkpf3ZjIzL0wE18Z1v53cyura+kZ+s7C1vbO7V9w/qOs4VQx9FotYNUOqUXCJvuFGYDNRSKNQYCMcXk/9xhMqzWP5YEYJtiPal7zHGTVWerzHWz8IiOqcd4olt+zOQJaJl5ESZKh1il9BN2ZphNIwQbVueW5i2mOqDGcCJ4Ug1ZhQNqR9bFkqaYS6PZ5dPCEnVumSXqxsSUNm6u+JMY20HkWh7YyoGehFbyr+57VS07tsj7lMUoOSzRf1UkFMTKbvky5XyIwYWUKZ4vZWwgZUUWZsSAUbgrf48jKpn5W9Srlyd16qXmVx5OEIjuEUPLiAKtxADXxgIOEZXuHN0c6L8+58zFtzTjZzCH/gfP4Aa+CQHg==</latexit>

ReLU

r4

[-1,1]

[-1,1]

<latexit sha1_base64="izn73OTm3XgsIYh7TdX9YQVLTeo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BL95MwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mHGCfkQHkoecUWOl+n2vWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rw2p9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUq5Ur8sVW+yOPJwAqdwDh5cQRXuoAYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A6unjN4=</latexit>

O

<latexit sha1_base64="cT3z+/LKf/DKKyfnnlxX1lOJRwc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYnvcmQ2dllZlYMSz7BiwdFvPpF3vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtB1Sax/LejBP0IzqQPOSMGivdPfa8XrniVt0ZyF/i5aQCOeq98me3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JklT4JY2VLGjJTf05kNNJ6HAW2M6JmqBe9qfif10lNeOlnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb78lzRPqt559ez2tFK7yuMowgEcwjF4cAE1uIE6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxzcO8I2q</latexit>x1

<latexit sha1_base64="WQ1eUAu1DD8mx6Eo/k6Syc0haI4=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaJryPRi0eM8khgQ2aHBibMzm5mZo1kwyd48aAxXv0ib/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0M/Wbj6g0j+SDGcfoh3QgeZ8zaqx0/9StdIslt+zOQJaJl5ESZKh1i1+dXsSSEKVhgmrd9tzY+ClVhjOBk0In0RhTNqIDbFsqaYjaT2enTsiJVXqkHylb0pCZ+nsipaHW4zCwnSE1Q73oTcX/vHZi+ld+ymWcGJRsvqifCGIiMv2b9LhCZsTYEsoUt7cSNqSKMmPTKdgQvMWXl0mjUvYuyud3Z6XqdRZHHo7gGE7Bg0uowi3UoA4MBvAMr/DmCOfFeXc+5q05J5s5hD9wPn8AEHSNqw==</latexit>x2

Input: Output:

Network:

Specification:
<latexit sha1_base64="Sx0UlgRKQST4s7bmjUXwrr26xH4=">AAAB9XicbVBNS8NAEN3Ur1q/qh69LBbBU0lEqseiF48R7Ac0sWw2k3bpZhN2N5YS+j+8eFDEq//Fm//GbZuDtj4YeLw3w8y8IOVMadv+tkpr6xubW+Xtys7u3v5B9fCorZJMUmjRhCeyGxAFnAloaaY5dFMJJA44dILR7czvPIFULBEPepKCH5OBYBGjRBvp0XOHzBtDOADPVaxfrdl1ew68SpyC1FABt1/98sKEZjEITTlRqufYqfZzIjWjHKYVL1OQEjoiA+gZKkgMys/nV0/xmVFCHCXSlNB4rv6eyEms1CQOTGdM9FAtezPxP6+X6ejaz5lIMw2CLhZFGcc6wbMIcMgkUM0nhhAqmbkV0yGRhGoTVMWE4Cy/vEraF3WnUW/cX9aaN0UcZXSCTtE5ctAVaqI75KIWokiiZ/SK3qyx9WK9Wx+L1pJVzByjP7A+fwBwsJJ+</latexit>

� ^ 

<latexit sha1_base64="+qqeNhg7gs2baKY/L31S1IZaCLI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqhP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBzoOM9Q==</latexit>

f

<latexit sha1_base64="KvhQWvpnnxt+0LDtWNbxjptKVxE=">AAAB9XicbVBNS8NAEJ3Ur1q/oh69LBahXkoiUr0oRS/erGA/oI1ls920SzebsLtRSuj/8OJBEa/+F2/+G7dtDtr6YODx3gwz8/yYM6Ud59vKLS2vrK7l1wsbm1vbO/buXkNFiSS0TiIeyZaPFeVM0LpmmtNWLCkOfU6b/vB64jcfqVQsEvd6FFMvxH3BAkawNtJDp6YYukClW3SJnOOuXXTKzhRokbgZKUKGWtf+6vQikoRUaMKxUm3XibWXYqkZ4XRc6CSKxpgMcZ+2DRU4pMpLp1eP0ZFReiiIpCmh0VT9PZHiUKlR6JvOEOuBmvcm4n9eO9HBuZcyESeaCjJbFCQc6QhNIkA9JinRfGQIJpKZWxEZYImJNkEVTAju/MuLpHFSdivlyt1psXqVxZGHAziEErhwBlW4gRrUgYCEZ3iFN+vJerHerY9Za87KZvbhD6zPHzfUkGQ=</latexit>

! = (O > 0)
<latexit sha1_base64="D+vvXernOApNP0O4QwTQWGHZXkc=">AAACFHicbZDLSgMxFIYz9VbrbdSlm2ARBLXMFKkiCEU3LivYC3SGkklP29BMZkgyail9CDe+ihsXirh14c63Mb0sausPgZ/vnMPJ+YOYM6Ud58dKLSwuLa+kVzNr6xubW/b2TkVFiaRQphGPZC0gCjgTUNZMc6jFEkgYcKgG3ethvXoPUrFI3OleDH5I2oK1GCXaoIZ95JU67OISPzZc7DGB6yfusetj7wGabTA0P0UbdtbJOSPheeNOTBZNVGrY314zokkIQlNOlKq7Tqz9PpGaUQ6DjJcoiAntkjbUjRUkBOX3R0cN8IEhTdyKpHlC4xGdnuiTUKleGJjOkOiOmq0N4X+1eqJb536fiTjRIOh4USvhWEd4mBBuMglU854xhEpm/opph0hCtckxY0JwZ0+eN5V8zi3kCren2eLVJI402kP76BC56AwV0Q0qoTKi6Am9oDf0bj1br9aH9TluTVmTmV30R9bXL+spmv0=</latexit>

! := x1 → [↑1, 1] ↓ x2 → [↑1, 1]

• The branch-and-bounda aims to achieve
ideal precise verification by dividing a
problem into subproblems (branch) and
eliminating those that cannot lead to an
optimal solution (bound)

ahttps://en.wikipedia.org/wiki/Branch_and_bound
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<latexit sha1_base64="iahbBj2j4tEgJ7y75Tl2N8tJd9E=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSIIQklEqseiF48VTFtoY9lsp+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhQ8epYuizWMSqFVKNgkv0DTcCW4lCGoUCm+Hoduo3n1BpHssHM04wiOhA8j5n1FjJV4/nXa9bKrsVdwayTLyclCFHvVv66vRilkYoDRNU67bnJibIqDKcCZwUO6nGhLIRHWDbUkkj1EE2O3ZCTq3SI/1Y2ZKGzNTfExmNtB5Hoe2MqBnqRW8q/ue1U9O/DjIuk9SgZPNF/VQQE5Pp56THFTIjxpZQpri9lbAhVZQZm0/RhuAtvrxMGhcVr1qp3l+Wazd5HAU4hhM4Aw+uoAZ3UAcfGHB4hld4c6Tz4rw7H/PWFSefOYI/cD5/ACH3jkI=</latexit>

r+1
<latexit sha1_base64="9jR8vzZCZCl5lp+8nqqX0wAi3Eo=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4sSQi1WPRi8cKpi20sWy203bpZhN2N0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemAiujet+Oyura+sbm4Wt4vbO7t5+6eCwoeNUMfRZLGLVCqlGwSX6hhuBrUQhjUKBzXB0O/WbT6g0j+WDGScYRHQgeZ8zaqzkq8fzrtctld2KOwNZJl5OypCj3i19dXoxSyOUhgmqddtzExNkVBnOBE6KnVRjQtmIDrBtqaQR6iCbHTshp1bpkX6sbElDZurviYxGWo+j0HZG1Az1ojcV//PaqelfBxmXSWpQsvmifiqIicn0c9LjCpkRY0soU9zeStiQKsqMzadoQ/AWX14mjYuKV61U7y/LtZs8jgIcwwmcgQdXUIM7qIMPDDg8wyu8OdJ5cd6dj3nripPPHMEfOJ8/JQOORA==</latexit>

r�1

<latexit sha1_base64="ANgvhIgdq15Wh3lj9Fks5VJ0nis=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRZBEMpukeqx6MVjBbcttGvJptk2NJssSVYoS3+DFw+KePUHefPfmLZ70NYHA4/3ZpiZFyacaeO6305hbX1jc6u4XdrZ3ds/KB8etbRMFaE+kVyqTog15UxQ3zDDaSdRFMchp+1wfDvz209UaSbFg5kkNIjxULCIEWys5KvHi36tX664VXcOtEq8nFQgR7Nf/uoNJEljKgzhWOuu5yYmyLAyjHA6LfVSTRNMxnhIu5YKHFMdZPNjp+jMKgMUSWVLGDRXf09kONZ6Eoe2M8ZmpJe9mfif101NdB1kTCSpoYIsFkUpR0ai2edowBQlhk8swUQxeysiI6wwMTafkg3BW355lbRqVa9erd9fVho3eRxFOIFTOAcPrqABd9AEHwgweIZXeHOE8+K8Ox+L1oKTzxzDHzifPyN7jkM=</latexit>

r+2
<latexit sha1_base64="hsKO+JPCw1izLSG1nLMi8Txhe1M=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRmLiRbJLDHokevGIiQsksJJu6UJDt920XROy4Td48aAxXv1B3vw3FtiDgi+Z5OW9mczMCxPOtHHdb6ewtr6xuVXcLu3s7u0flA+PWlqmilCfSC5VJ8Saciaob5jhtJMoiuOQ03Y4vp357SeqNJPiwUwSGsR4KFjECDZW8tXjRb/WL1fcqjsHWiVeTiqQo9kvf/UGkqQxFYZwrHXXcxMTZFgZRjidlnqppgkmYzykXUsFjqkOsvmxU3RmlQGKpLIlDJqrvycyHGs9iUPbGWMz0sveTPzP66Ymug4yJpLUUEEWi6KUIyPR7HM0YIoSwyeWYKKYvRWREVaYGJtPyYbgLb+8Slq1qlev1u8vK42bPI4inMApnIMHV9CAO2iCDwQYPMMrvDnCeXHenY9Fa8HJZ47hD5zPHyaHjkU=</latexit>

r�2

0.23 0.75

<latexit sha1_base64="ANgvhIgdq15Wh3lj9Fks5VJ0nis=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRZBEMpukeqx6MVjBbcttGvJptk2NJssSVYoS3+DFw+KePUHefPfmLZ70NYHA4/3ZpiZFyacaeO6305hbX1jc6u4XdrZ3ds/KB8etbRMFaE+kVyqTog15UxQ3zDDaSdRFMchp+1wfDvz209UaSbFg5kkNIjxULCIEWys5KvHi36tX664VXcOtEq8nFQgR7Nf/uoNJEljKgzhWOuu5yYmyLAyjHA6LfVSTRNMxnhIu5YKHFMdZPNjp+jMKgMUSWVLGDRXf09kONZ6Eoe2M8ZmpJe9mfif101NdB1kTCSpoYIsFkUpR0ai2edowBQlhk8swUQxeysiI6wwMTafkg3BW355lbRqVa9erd9fVho3eRxFOIFTOAcPrqABd9AEHwgweIZXeHOE8+K8Ox+L1oKTzxzDHzifPyN7jkM=</latexit>

r+2
<latexit sha1_base64="hsKO+JPCw1izLSG1nLMi8Txhe1M=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRmLiRbJLDHokevGIiQsksJJu6UJDt920XROy4Td48aAxXv1B3vw3FtiDgi+Z5OW9mczMCxPOtHHdb6ewtr6xuVXcLu3s7u0flA+PWlqmilCfSC5VJ8Saciaob5jhtJMoiuOQ03Y4vp357SeqNJPiwUwSGsR4KFjECDZW8tXjRb/WL1fcqjsHWiVeTiqQo9kvf/UGkqQxFYZwrHXXcxMTZFgZRjidlnqppgkmYzykXUsFjqkOsvmxU3RmlQGKpLIlDJqrvycyHGs9iUPbGWMz0sveTPzP66Ymug4yJpLUUEEWi6KUIyPR7HM0YIoSwyeWYKKYvRWREVaYGJtPyYbgLb+8Slq1qlev1u8vK42bPI4inMApnIMHV9CAO2iCDwQYPMMrvDnCeXHenY9Fa8HJZ47hD5zPHyaHjkU=</latexit>

r�2

-2.7

-2.52 -2.65

<latexit sha1_base64="iahbBj2j4tEgJ7y75Tl2N8tJd9E=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSIIQklEqseiF48VTFtoY9lsp+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhQ8epYuizWMSqFVKNgkv0DTcCW4lCGoUCm+Hoduo3n1BpHssHM04wiOhA8j5n1FjJV4/nXa9bKrsVdwayTLyclCFHvVv66vRilkYoDRNU67bnJibIqDKcCZwUO6nGhLIRHWDbUkkj1EE2O3ZCTq3SI/1Y2ZKGzNTfExmNtB5Hoe2MqBnqRW8q/ue1U9O/DjIuk9SgZPNF/VQQE5Pp56THFTIjxpZQpri9lbAhVZQZm0/RhuAtvrxMGhcVr1qp3l+Wazd5HAU4hhM4Aw+uoAZ3UAcfGHB4hld4c6Tz4rw7H/PWFSefOYI/cD5/ACH3jkI=</latexit>

r+1
<latexit sha1_base64="9jR8vzZCZCl5lp+8nqqX0wAi3Eo=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4sSQi1WPRi8cKpi20sWy203bpZhN2N0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemAiujet+Oyura+sbm4Wt4vbO7t5+6eCwoeNUMfRZLGLVCqlGwSX6hhuBrUQhjUKBzXB0O/WbT6g0j+WDGScYRHQgeZ8zaqzkq8fzrtctld2KOwNZJl5OypCj3i19dXoxSyOUhgmqddtzExNkVBnOBE6KnVRjQtmIDrBtqaQR6iCbHTshp1bpkX6sbElDZurviYxGWo+j0HZG1Az1ojcV//PaqelfBxmXSWpQsvmifiqIicn0c9LjCpkRY0soU9zeStiQKsqMzadoQ/AWX14mjYuKV61U7y/LtZs8jgIcwwmcgQdXUIM7qIMPDDg8wyu8OdJ5cd6dj3nripPPHMEfOJ8/JQOORA==</latexit>

r�1

True Counterexample
Step 2 Step 3

<latexit sha1_base64="/U/gvuyJEDLbxG200RfhzeWwVns=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2m3bpZhN2J2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//ci1EbF6wEnC/YgOlQgFo2ildm9EMXua9ssVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOyVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2e9kIDRnKCeWUKaFvZWwEdWUoU2oZEPwll9eJa2Lqler1u4vK/WbPI4inMApnIMHV1CHO2hAExiM4Rle4c1JnBfn3flYtBacfOYY/sD5/AGzzo/U</latexit>

x̂

Branch-and-Bound (BaB) Tree

• Split activation ReLU r1 input into r+1 (x1 ≥ 0) and r−1 (x1 < 0).
• Split activation ReLU r2 input into r+2 (x2 ≥ 0) and r−2 (x2 < 0).
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x̂

• Counterexamples, i.e., inputs violating specifications, can be found in partitioned
problem spaces via BaB trees, enabling early termination.

• Efficiently Finding counterexamples is the key to scalable NN verification!
• Conventional BaB algorithm5 (breadth-first search) can be inefficient
• Potentiality of counterexample existence can be inferred by two attributes4:

1 Tree nodes (output lower bound p̂) with smaller values.
2 Tree node’s depth with deeper level.

5Bunel et al., Branch and bound for piecewise linear neural network verification, JMLR’20
4Fukuda et al., Adaptive Branch-and-Bound Tree Exploration for Neural Network Verification, DATE’25
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<latexit sha1_base64="9jR8vzZCZCl5lp+8nqqX0wAi3Eo=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4sSQi1WPRi8cKpi20sWy203bpZhN2N0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemAiujet+Oyura+sbm4Wt4vbO7t5+6eCwoeNUMfRZLGLVCqlGwSX6hhuBrUQhjUKBzXB0O/WbT6g0j+WDGScYRHQgeZ8zaqzkq8fzrtctld2KOwNZJl5OypCj3i19dXoxSyOUhgmqddtzExNkVBnOBE6KnVRjQtmIDrBtqaQR6iCbHTshp1bpkX6sbElDZurviYxGWo+j0HZG1Az1ojcV//PaqelfBxmXSWpQsvmifiqIicn0c9LjCpkRY0soU9zeStiQKsqMzadoQ/AWX14mjYuKV61U7y/LtZs8jgIcwwmcgQdXUIM7qIMPDDg8wyu8OdJ5cd6dj3nripPPHMEfOJ8/JQOORA==</latexit>

r�1

<latexit sha1_base64="ANgvhIgdq15Wh3lj9Fks5VJ0nis=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRZBEMpukeqx6MVjBbcttGvJptk2NJssSVYoS3+DFw+KePUHefPfmLZ70NYHA4/3ZpiZFyacaeO6305hbX1jc6u4XdrZ3ds/KB8etbRMFaE+kVyqTog15UxQ3zDDaSdRFMchp+1wfDvz209UaSbFg5kkNIjxULCIEWys5KvHi36tX664VXcOtEq8nFQgR7Nf/uoNJEljKgzhWOuu5yYmyLAyjHA6LfVSTRNMxnhIu5YKHFMdZPNjp+jMKgMUSWVLGDRXf09kONZ6Eoe2M8ZmpJe9mfif101NdB1kTCSpoYIsFkUpR0ai2edowBQlhk8swUQxeysiI6wwMTafkg3BW355lbRqVa9erd9fVho3eRxFOIFTOAcPrqABd9AEHwgweIZXeHOE8+K8Ox+L1oKTzxzDHzifPyN7jkM=</latexit>

r+2
<latexit sha1_base64="hsKO+JPCw1izLSG1nLMi8Txhe1M=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRmLiRbJLDHokevGIiQsksJJu6UJDt920XROy4Td48aAxXv1B3vw3FtiDgi+Z5OW9mczMCxPOtHHdb6ewtr6xuVXcLu3s7u0flA+PWlqmilCfSC5VJ8Saciaob5jhtJMoiuOQ03Y4vp357SeqNJPiwUwSGsR4KFjECDZW8tXjRb/WL1fcqjsHWiVeTiqQo9kvf/UGkqQxFYZwrHXXcxMTZFgZRjidlnqppgkmYzykXUsFjqkOsvmxU3RmlQGKpLIlDJqrvycyHGs9iUPbGWMz0sveTPzP66Ymug4yJpLUUEEWi6KUIyPR7HM0YIoSwyeWYKKYvRWREVaYGJtPyYbgLb+8Slq1qlev1u8vK42bPI4inMApnIMHV9CAO2iCDwQYPMMrvDnCeXHenY9Fa8HJZ47hD5zPHyaHjkU=</latexit>

r�2

0.23 0.75

<latexit sha1_base64="ANgvhIgdq15Wh3lj9Fks5VJ0nis=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRZBEMpukeqx6MVjBbcttGvJptk2NJssSVYoS3+DFw+KePUHefPfmLZ70NYHA4/3ZpiZFyacaeO6305hbX1jc6u4XdrZ3ds/KB8etbRMFaE+kVyqTog15UxQ3zDDaSdRFMchp+1wfDvz209UaSbFg5kkNIjxULCIEWys5KvHi36tX664VXcOtEq8nFQgR7Nf/uoNJEljKgzhWOuu5yYmyLAyjHA6LfVSTRNMxnhIu5YKHFMdZPNjp+jMKgMUSWVLGDRXf09kONZ6Eoe2M8ZmpJe9mfif101NdB1kTCSpoYIsFkUpR0ai2edowBQlhk8swUQxeysiI6wwMTafkg3BW355lbRqVa9erd9fVho3eRxFOIFTOAcPrqABd9AEHwgweIZXeHOE8+K8Ox+L1oKTzxzDHzifPyN7jkM=</latexit>

r+2
<latexit sha1_base64="hsKO+JPCw1izLSG1nLMi8Txhe1M=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRmLiRbJLDHokevGIiQsksJJu6UJDt920XROy4Td48aAxXv1B3vw3FtiDgi+Z5OW9mczMCxPOtHHdb6ewtr6xuVXcLu3s7u0flA+PWlqmilCfSC5VJ8Saciaob5jhtJMoiuOQ03Y4vp357SeqNJPiwUwSGsR4KFjECDZW8tXjRb/WL1fcqjsHWiVeTiqQo9kvf/UGkqQxFYZwrHXXcxMTZFgZRjidlnqppgkmYzykXUsFjqkOsvmxU3RmlQGKpLIlDJqrvycyHGs9iUPbGWMz0sveTPzP66Ymug4yJpLUUEEWi6KUIyPR7HM0YIoSwyeWYKKYvRWREVaYGJtPyYbgLb+8Slq1qlev1u8vK42bPI4inMApnIMHV9CAO2iCDwQYPMMrvDnCeXHenY9Fa8HJZ47hD5zPHyaHjkU=</latexit>

r�2

-2.7

-2.52 -2.65

<latexit sha1_base64="iahbBj2j4tEgJ7y75Tl2N8tJd9E=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSIIQklEqseiF48VTFtoY9lsp+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhQ8epYuizWMSqFVKNgkv0DTcCW4lCGoUCm+Hoduo3n1BpHssHM04wiOhA8j5n1FjJV4/nXa9bKrsVdwayTLyclCFHvVv66vRilkYoDRNU67bnJibIqDKcCZwUO6nGhLIRHWDbUkkj1EE2O3ZCTq3SI/1Y2ZKGzNTfExmNtB5Hoe2MqBnqRW8q/ue1U9O/DjIuk9SgZPNF/VQQE5Pp56THFTIjxpZQpri9lbAhVZQZm0/RhuAtvrxMGhcVr1qp3l+Wazd5HAU4hhM4Aw+uoAZ3UAcfGHB4hld4c6Tz4rw7H/PWFSefOYI/cD5/ACH3jkI=</latexit>

r+1
<latexit sha1_base64="9jR8vzZCZCl5lp+8nqqX0wAi3Eo=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4sSQi1WPRi8cKpi20sWy203bpZhN2N0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemAiujet+Oyura+sbm4Wt4vbO7t5+6eCwoeNUMfRZLGLVCqlGwSX6hhuBrUQhjUKBzXB0O/WbT6g0j+WDGScYRHQgeZ8zaqzkq8fzrtctld2KOwNZJl5OypCj3i19dXoxSyOUhgmqddtzExNkVBnOBE6KnVRjQtmIDrBtqaQR6iCbHTshp1bpkX6sbElDZurviYxGWo+j0HZG1Az1ojcV//PaqelfBxmXSWpQsvmifiqIicn0c9LjCpkRY0soU9zeStiQKsqMzadoQ/AWX14mjYuKV61U7y/LtZs8jgIcwwmcgQdXUIM7qIMPDDg8wyu8OdJ5cd6dj3nripPPHMEfOJ8/JQOORA==</latexit>

r�1

True Counterexample
Step 2 Step 3

<latexit sha1_base64="/U/gvuyJEDLbxG200RfhzeWwVns=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2m3bpZhN2J2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//ci1EbF6wEnC/YgOlQgFo2ildm9EMXua9ssVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOyVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2e9kIDRnKCeWUKaFvZWwEdWUoU2oZEPwll9eJa2Lqler1u4vK/WbPI4inMApnIMHV1CHO2hAExiM4Rle4c1JnBfn3flYtBacfOYY/sD5/AGzzo/U</latexit>

x̂

• Counterexamples, i.e., inputs violating specifications, can be found in partitioned
problem spaces via BaB trees, enabling early termination.

• Efficiently Finding counterexamples is the key to scalable NN verification!
• Conventional BaB algorithm5 (breadth-first search) can be inefficient

• Potentiality of counterexample existence can be inferred by two attributes4:
1 Tree nodes (output lower bound p̂) with smaller values.
2 Tree node’s depth with deeper level.

5Bunel et al., Branch and bound for piecewise linear neural network verification, JMLR’20
4Fukuda et al., Adaptive Branch-and-Bound Tree Exploration for Neural Network Verification, DATE’25
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Counterexample-Guided Verification
-2.7

Step 1

-2.7

-2.52 -2.65

0.24 -2

<latexit sha1_base64="iahbBj2j4tEgJ7y75Tl2N8tJd9E=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSIIQklEqseiF48VTFtoY9lsp+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhQ8epYuizWMSqFVKNgkv0DTcCW4lCGoUCm+Hoduo3n1BpHssHM04wiOhA8j5n1FjJV4/nXa9bKrsVdwayTLyclCFHvVv66vRilkYoDRNU67bnJibIqDKcCZwUO6nGhLIRHWDbUkkj1EE2O3ZCTq3SI/1Y2ZKGzNTfExmNtB5Hoe2MqBnqRW8q/ue1U9O/DjIuk9SgZPNF/VQQE5Pp56THFTIjxpZQpri9lbAhVZQZm0/RhuAtvrxMGhcVr1qp3l+Wazd5HAU4hhM4Aw+uoAZ3UAcfGHB4hld4c6Tz4rw7H/PWFSefOYI/cD5/ACH3jkI=</latexit>

r+1
<latexit sha1_base64="9jR8vzZCZCl5lp+8nqqX0wAi3Eo=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4sSQi1WPRi8cKpi20sWy203bpZhN2N0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemAiujet+Oyura+sbm4Wt4vbO7t5+6eCwoeNUMfRZLGLVCqlGwSX6hhuBrUQhjUKBzXB0O/WbT6g0j+WDGScYRHQgeZ8zaqzkq8fzrtctld2KOwNZJl5OypCj3i19dXoxSyOUhgmqddtzExNkVBnOBE6KnVRjQtmIDrBtqaQR6iCbHTshp1bpkX6sbElDZurviYxGWo+j0HZG1Az1ojcV//PaqelfBxmXSWpQsvmifiqIicn0c9LjCpkRY0soU9zeStiQKsqMzadoQ/AWX14mjYuKV61U7y/LtZs8jgIcwwmcgQdXUIM7qIMPDDg8wyu8OdJ5cd6dj3nripPPHMEfOJ8/JQOORA==</latexit>

r�1

<latexit sha1_base64="ANgvhIgdq15Wh3lj9Fks5VJ0nis=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRZBEMpukeqx6MVjBbcttGvJptk2NJssSVYoS3+DFw+KePUHefPfmLZ70NYHA4/3ZpiZFyacaeO6305hbX1jc6u4XdrZ3ds/KB8etbRMFaE+kVyqTog15UxQ3zDDaSdRFMchp+1wfDvz209UaSbFg5kkNIjxULCIEWys5KvHi36tX664VXcOtEq8nFQgR7Nf/uoNJEljKgzhWOuu5yYmyLAyjHA6LfVSTRNMxnhIu5YKHFMdZPNjp+jMKgMUSWVLGDRXf09kONZ6Eoe2M8ZmpJe9mfif101NdB1kTCSpoYIsFkUpR0ai2edowBQlhk8swUQxeysiI6wwMTafkg3BW355lbRqVa9erd9fVho3eRxFOIFTOAcPrqABd9AEHwgweIZXeHOE8+K8Ox+L1oKTzxzDHzifPyN7jkM=</latexit>

r+2
<latexit sha1_base64="hsKO+JPCw1izLSG1nLMi8Txhe1M=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRmLiRbJLDHokevGIiQsksJJu6UJDt920XROy4Td48aAxXv1B3vw3FtiDgi+Z5OW9mczMCxPOtHHdb6ewtr6xuVXcLu3s7u0flA+PWlqmilCfSC5VJ8Saciaob5jhtJMoiuOQ03Y4vp357SeqNJPiwUwSGsR4KFjECDZW8tXjRb/WL1fcqjsHWiVeTiqQo9kvf/UGkqQxFYZwrHXXcxMTZFgZRjidlnqppgkmYzykXUsFjqkOsvmxU3RmlQGKpLIlDJqrvycyHGs9iUPbGWMz0sveTPzP66Ymug4yJpLUUEEWi6KUIyPR7HM0YIoSwyeWYKKYvRWREVaYGJtPyYbgLb+8Slq1qlev1u8vK42bPI4inMApnIMHV9CAO2iCDwQYPMMrvDnCeXHenY9Fa8HJZ47hD5zPHyaHjkU=</latexit>

r�2

0.23 0.75

<latexit sha1_base64="ANgvhIgdq15Wh3lj9Fks5VJ0nis=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRZBEMpukeqx6MVjBbcttGvJptk2NJssSVYoS3+DFw+KePUHefPfmLZ70NYHA4/3ZpiZFyacaeO6305hbX1jc6u4XdrZ3ds/KB8etbRMFaE+kVyqTog15UxQ3zDDaSdRFMchp+1wfDvz209UaSbFg5kkNIjxULCIEWys5KvHi36tX664VXcOtEq8nFQgR7Nf/uoNJEljKgzhWOuu5yYmyLAyjHA6LfVSTRNMxnhIu5YKHFMdZPNjp+jMKgMUSWVLGDRXf09kONZ6Eoe2M8ZmpJe9mfif101NdB1kTCSpoYIsFkUpR0ai2edowBQlhk8swUQxeysiI6wwMTafkg3BW355lbRqVa9erd9fVho3eRxFOIFTOAcPrqABd9AEHwgweIZXeHOE8+K8Ox+L1oKTzxzDHzifPyN7jkM=</latexit>

r+2
<latexit sha1_base64="hsKO+JPCw1izLSG1nLMi8Txhe1M=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRmLiRbJLDHokevGIiQsksJJu6UJDt920XROy4Td48aAxXv1B3vw3FtiDgi+Z5OW9mczMCxPOtHHdb6ewtr6xuVXcLu3s7u0flA+PWlqmilCfSC5VJ8Saciaob5jhtJMoiuOQ03Y4vp357SeqNJPiwUwSGsR4KFjECDZW8tXjRb/WL1fcqjsHWiVeTiqQo9kvf/UGkqQxFYZwrHXXcxMTZFgZRjidlnqppgkmYzykXUsFjqkOsvmxU3RmlQGKpLIlDJqrvycyHGs9iUPbGWMz0sveTPzP66Ymug4yJpLUUEEWi6KUIyPR7HM0YIoSwyeWYKKYvRWREVaYGJtPyYbgLb+8Slq1qlev1u8vK42bPI4inMApnIMHV9CAO2iCDwQYPMMrvDnCeXHenY9Fa8HJZ47hD5zPHyaHjkU=</latexit>

r�2

-2.7

-2.52 -2.65

<latexit sha1_base64="iahbBj2j4tEgJ7y75Tl2N8tJd9E=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSIIQklEqseiF48VTFtoY9lsp+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhQ8epYuizWMSqFVKNgkv0DTcCW4lCGoUCm+Hoduo3n1BpHssHM04wiOhA8j5n1FjJV4/nXa9bKrsVdwayTLyclCFHvVv66vRilkYoDRNU67bnJibIqDKcCZwUO6nGhLIRHWDbUkkj1EE2O3ZCTq3SI/1Y2ZKGzNTfExmNtB5Hoe2MqBnqRW8q/ue1U9O/DjIuk9SgZPNF/VQQE5Pp56THFTIjxpZQpri9lbAhVZQZm0/RhuAtvrxMGhcVr1qp3l+Wazd5HAU4hhM4Aw+uoAZ3UAcfGHB4hld4c6Tz4rw7H/PWFSefOYI/cD5/ACH3jkI=</latexit>

r+1
<latexit sha1_base64="9jR8vzZCZCl5lp+8nqqX0wAi3Eo=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4sSQi1WPRi8cKpi20sWy203bpZhN2N0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemAiujet+Oyura+sbm4Wt4vbO7t5+6eCwoeNUMfRZLGLVCqlGwSX6hhuBrUQhjUKBzXB0O/WbT6g0j+WDGScYRHQgeZ8zaqzkq8fzrtctld2KOwNZJl5OypCj3i19dXoxSyOUhgmqddtzExNkVBnOBE6KnVRjQtmIDrBtqaQR6iCbHTshp1bpkX6sbElDZurviYxGWo+j0HZG1Az1ojcV//PaqelfBxmXSWpQsvmifiqIicn0c9LjCpkRY0soU9zeStiQKsqMzadoQ/AWX14mjYuKV61U7y/LtZs8jgIcwwmcgQdXUIM7qIMPDDg8wyu8OdJ5cd6dj3nripPPHMEfOJ8/JQOORA==</latexit>

r�1

True Counterexample
Step 2 Step 3

<latexit sha1_base64="/U/gvuyJEDLbxG200RfhzeWwVns=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2m3bpZhN2J2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//ci1EbF6wEnC/YgOlQgFo2ildm9EMXua9ssVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOyVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2e9kIDRnKCeWUKaFvZWwEdWUoU2oZEPwll9eJa2Lqler1u4vK/WbPI4inMApnIMHV1CHO2hAExiM4Rle4c1JnBfn3flYtBacfOYY/sD5/AGzzo/U</latexit>

x̂

• Counterexamples, i.e., inputs violating specifications, can be found in partitioned
problem spaces via BaB trees, enabling early termination.

• Efficiently Finding counterexamples is the key to scalable NN verification!
• Conventional BaB algorithm5 (breadth-first search) can be inefficient
• Potentiality of counterexample existence can be inferred by two attributes4:

1 Tree nodes (output lower bound p̂) with smaller values.
2 Tree node’s depth with deeper level.

5Bunel et al., Branch and bound for piecewise linear neural network verification, JMLR’20
4Fukuda et al., Adaptive Branch-and-Bound Tree Exploration for Neural Network Verification, DATE’25
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MCTS-Based Method (Fukuda+, DATE’25)
-2.7

Step 1

-2.7

-2.52 -2.65

0.24 -2

<latexit sha1_base64="iahbBj2j4tEgJ7y75Tl2N8tJd9E=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSIIQklEqseiF48VTFtoY9lsp+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhQ8epYuizWMSqFVKNgkv0DTcCW4lCGoUCm+Hoduo3n1BpHssHM04wiOhA8j5n1FjJV4/nXa9bKrsVdwayTLyclCFHvVv66vRilkYoDRNU67bnJibIqDKcCZwUO6nGhLIRHWDbUkkj1EE2O3ZCTq3SI/1Y2ZKGzNTfExmNtB5Hoe2MqBnqRW8q/ue1U9O/DjIuk9SgZPNF/VQQE5Pp56THFTIjxpZQpri9lbAhVZQZm0/RhuAtvrxMGhcVr1qp3l+Wazd5HAU4hhM4Aw+uoAZ3UAcfGHB4hld4c6Tz4rw7H/PWFSefOYI/cD5/ACH3jkI=</latexit>

r+1
<latexit sha1_base64="9jR8vzZCZCl5lp+8nqqX0wAi3Eo=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4sSQi1WPRi8cKpi20sWy203bpZhN2N0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemAiujet+Oyura+sbm4Wt4vbO7t5+6eCwoeNUMfRZLGLVCqlGwSX6hhuBrUQhjUKBzXB0O/WbT6g0j+WDGScYRHQgeZ8zaqzkq8fzrtctld2KOwNZJl5OypCj3i19dXoxSyOUhgmqddtzExNkVBnOBE6KnVRjQtmIDrBtqaQR6iCbHTshp1bpkX6sbElDZurviYxGWo+j0HZG1Az1ojcV//PaqelfBxmXSWpQsvmifiqIicn0c9LjCpkRY0soU9zeStiQKsqMzadoQ/AWX14mjYuKV61U7y/LtZs8jgIcwwmcgQdXUIM7qIMPDDg8wyu8OdJ5cd6dj3nripPPHMEfOJ8/JQOORA==</latexit>

r�1

<latexit sha1_base64="ANgvhIgdq15Wh3lj9Fks5VJ0nis=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRZBEMpukeqx6MVjBbcttGvJptk2NJssSVYoS3+DFw+KePUHefPfmLZ70NYHA4/3ZpiZFyacaeO6305hbX1jc6u4XdrZ3ds/KB8etbRMFaE+kVyqTog15UxQ3zDDaSdRFMchp+1wfDvz209UaSbFg5kkNIjxULCIEWys5KvHi36tX664VXcOtEq8nFQgR7Nf/uoNJEljKgzhWOuu5yYmyLAyjHA6LfVSTRNMxnhIu5YKHFMdZPNjp+jMKgMUSWVLGDRXf09kONZ6Eoe2M8ZmpJe9mfif101NdB1kTCSpoYIsFkUpR0ai2edowBQlhk8swUQxeysiI6wwMTafkg3BW355lbRqVa9erd9fVho3eRxFOIFTOAcPrqABd9AEHwgweIZXeHOE8+K8Ox+L1oKTzxzDHzifPyN7jkM=</latexit>

r+2
<latexit sha1_base64="hsKO+JPCw1izLSG1nLMi8Txhe1M=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRmLiRbJLDHokevGIiQsksJJu6UJDt920XROy4Td48aAxXv1B3vw3FtiDgi+Z5OW9mczMCxPOtHHdb6ewtr6xuVXcLu3s7u0flA+PWlqmilCfSC5VJ8Saciaob5jhtJMoiuOQ03Y4vp357SeqNJPiwUwSGsR4KFjECDZW8tXjRb/WL1fcqjsHWiVeTiqQo9kvf/UGkqQxFYZwrHXXcxMTZFgZRjidlnqppgkmYzykXUsFjqkOsvmxU3RmlQGKpLIlDJqrvycyHGs9iUPbGWMz0sveTPzP66Ymug4yJpLUUEEWi6KUIyPR7HM0YIoSwyeWYKKYvRWREVaYGJtPyYbgLb+8Slq1qlev1u8vK42bPI4inMApnIMHV9CAO2iCDwQYPMMrvDnCeXHenY9Fa8HJZ47hD5zPHyaHjkU=</latexit>

r�2

0.23 0.75

<latexit sha1_base64="ANgvhIgdq15Wh3lj9Fks5VJ0nis=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRZBEMpukeqx6MVjBbcttGvJptk2NJssSVYoS3+DFw+KePUHefPfmLZ70NYHA4/3ZpiZFyacaeO6305hbX1jc6u4XdrZ3ds/KB8etbRMFaE+kVyqTog15UxQ3zDDaSdRFMchp+1wfDvz209UaSbFg5kkNIjxULCIEWys5KvHi36tX664VXcOtEq8nFQgR7Nf/uoNJEljKgzhWOuu5yYmyLAyjHA6LfVSTRNMxnhIu5YKHFMdZPNjp+jMKgMUSWVLGDRXf09kONZ6Eoe2M8ZmpJe9mfif101NdB1kTCSpoYIsFkUpR0ai2edowBQlhk8swUQxeysiI6wwMTafkg3BW355lbRqVa9erd9fVho3eRxFOIFTOAcPrqABd9AEHwgweIZXeHOE8+K8Ox+L1oKTzxzDHzifPyN7jkM=</latexit>
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<latexit sha1_base64="hsKO+JPCw1izLSG1nLMi8Txhe1M=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRmLiRbJLDHokevGIiQsksJJu6UJDt920XROy4Td48aAxXv1B3vw3FtiDgi+Z5OW9mczMCxPOtHHdb6ewtr6xuVXcLu3s7u0flA+PWlqmilCfSC5VJ8Saciaob5jhtJMoiuOQ03Y4vp357SeqNJPiwUwSGsR4KFjECDZW8tXjRb/WL1fcqjsHWiVeTiqQo9kvf/UGkqQxFYZwrHXXcxMTZFgZRjidlnqppgkmYzykXUsFjqkOsvmxU3RmlQGKpLIlDJqrvycyHGs9iUPbGWMz0sveTPzP66Ymug4yJpLUUEEWi6KUIyPR7HM0YIoSwyeWYKKYvRWREVaYGJtPyYbgLb+8Slq1qlev1u8vK42bPI4inMApnIMHV9CAO2iCDwQYPMMrvDnCeXHenY9Fa8HJZ47hD5zPHyaHjkU=</latexit>

r�2

-2.7

-2.52 -2.65

<latexit sha1_base64="iahbBj2j4tEgJ7y75Tl2N8tJd9E=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSIIQklEqseiF48VTFtoY9lsp+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhQ8epYuizWMSqFVKNgkv0DTcCW4lCGoUCm+Hoduo3n1BpHssHM04wiOhA8j5n1FjJV4/nXa9bKrsVdwayTLyclCFHvVv66vRilkYoDRNU67bnJibIqDKcCZwUO6nGhLIRHWDbUkkj1EE2O3ZCTq3SI/1Y2ZKGzNTfExmNtB5Hoe2MqBnqRW8q/ue1U9O/DjIuk9SgZPNF/VQQE5Pp56THFTIjxpZQpri9lbAhVZQZm0/RhuAtvrxMGhcVr1qp3l+Wazd5HAU4hhM4Aw+uoAZ3UAcfGHB4hld4c6Tz4rw7H/PWFSefOYI/cD5/ACH3jkI=</latexit>

r+1
<latexit sha1_base64="9jR8vzZCZCl5lp+8nqqX0wAi3Eo=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4sSQi1WPRi8cKpi20sWy203bpZhN2N0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemAiujet+Oyura+sbm4Wt4vbO7t5+6eCwoeNUMfRZLGLVCqlGwSX6hhuBrUQhjUKBzXB0O/WbT6g0j+WDGScYRHQgeZ8zaqzkq8fzrtctld2KOwNZJl5OypCj3i19dXoxSyOUhgmqddtzExNkVBnOBE6KnVRjQtmIDrBtqaQR6iCbHTshp1bpkX6sbElDZurviYxGWo+j0HZG1Az1ojcV//PaqelfBxmXSWpQsvmifiqIicn0c9LjCpkRY0soU9zeStiQKsqMzadoQ/AWX14mjYuKV61U7y/LtZs8jgIcwwmcgQdXUIM7qIMPDDg8wyu8OdJ5cd6dj3nripPPHMEfOJ8/JQOORA==</latexit>

r�1

True Counterexample
Step 2 Step 3

<latexit sha1_base64="/U/gvuyJEDLbxG200RfhzeWwVns=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2m3bpZhN2J2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//ci1EbF6wEnC/YgOlQgFo2ildm9EMXua9ssVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOyVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2e9kIDRnKCeWUKaFvZWwEdWUoU2oZEPwll9eJa2Lqler1u4vK/WbPI4inMApnIMHV1CHO2hAExiM4Rle4c1JnBfn3flYtBacfOYY/sD5/AGzzo/U</latexit>

x̂

• (Fukuda+, DATE’25) adopts Monte Carlo Tree Search (MCTS)

• Compute Rewards4 (counterexample potentiality (CePO)) of subproblems:

JΓK =


−∞ if p̂ > 0
+∞ true CE

λ |Γ|
K + (1− λ) p̂

p̂min
otherwise

• (Fukuda+, DATE’25) outperforms naive BaB (breadth-first search) approach
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<latexit sha1_base64="hsKO+JPCw1izLSG1nLMi8Txhe1M=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRmLiRbJLDHokevGIiQsksJJu6UJDt920XROy4Td48aAxXv1B3vw3FtiDgi+Z5OW9mczMCxPOtHHdb6ewtr6xuVXcLu3s7u0flA+PWlqmilCfSC5VJ8Saciaob5jhtJMoiuOQ03Y4vp357SeqNJPiwUwSGsR4KFjECDZW8tXjRb/WL1fcqjsHWiVeTiqQo9kvf/UGkqQxFYZwrHXXcxMTZFgZRjidlnqppgkmYzykXUsFjqkOsvmxU3RmlQGKpLIlDJqrvycyHGs9iUPbGWMz0sveTPzP66Ymug4yJpLUUEEWi6KUIyPR7HM0YIoSwyeWYKKYvRWREVaYGJtPyYbgLb+8Slq1qlev1u8vK42bPI4inMApnIMHV9CAO2iCDwQYPMMrvDnCeXHenY9Fa8HJZ47hD5zPHyaHjkU=</latexit>
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<latexit sha1_base64="ANgvhIgdq15Wh3lj9Fks5VJ0nis=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRZBEMpukeqx6MVjBbcttGvJptk2NJssSVYoS3+DFw+KePUHefPfmLZ70NYHA4/3ZpiZFyacaeO6305hbX1jc6u4XdrZ3ds/KB8etbRMFaE+kVyqTog15UxQ3zDDaSdRFMchp+1wfDvz209UaSbFg5kkNIjxULCIEWys5KvHi36tX664VXcOtEq8nFQgR7Nf/uoNJEljKgzhWOuu5yYmyLAyjHA6LfVSTRNMxnhIu5YKHFMdZPNjp+jMKgMUSWVLGDRXf09kONZ6Eoe2M8ZmpJe9mfif101NdB1kTCSpoYIsFkUpR0ai2edowBQlhk8swUQxeysiI6wwMTafkg3BW355lbRqVa9erd9fVho3eRxFOIFTOAcPrqABd9AEHwgweIZXeHOE8+K8Ox+L1oKTzxzDHzifPyN7jkM=</latexit>
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<latexit sha1_base64="hsKO+JPCw1izLSG1nLMi8Txhe1M=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRmLiRbJLDHokevGIiQsksJJu6UJDt920XROy4Td48aAxXv1B3vw3FtiDgi+Z5OW9mczMCxPOtHHdb6ewtr6xuVXcLu3s7u0flA+PWlqmilCfSC5VJ8Saciaob5jhtJMoiuOQ03Y4vp357SeqNJPiwUwSGsR4KFjECDZW8tXjRb/WL1fcqjsHWiVeTiqQo9kvf/UGkqQxFYZwrHXXcxMTZFgZRjidlnqppgkmYzykXUsFjqkOsvmxU3RmlQGKpLIlDJqrvycyHGs9iUPbGWMz0sveTPzP66Ymug4yJpLUUEEWi6KUIyPR7HM0YIoSwyeWYKKYvRWREVaYGJtPyYbgLb+8Slq1qlev1u8vK42bPI4inMApnIMHV9CAO2iCDwQYPMMrvDnCeXHenY9Fa8HJZ47hD5zPHyaHjkU=</latexit>
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<latexit sha1_base64="9jR8vzZCZCl5lp+8nqqX0wAi3Eo=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4sSQi1WPRi8cKpi20sWy203bpZhN2N0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemAiujet+Oyura+sbm4Wt4vbO7t5+6eCwoeNUMfRZLGLVCqlGwSX6hhuBrUQhjUKBzXB0O/WbT6g0j+WDGScYRHQgeZ8zaqzkq8fzrtctld2KOwNZJl5OypCj3i19dXoxSyOUhgmqddtzExNkVBnOBE6KnVRjQtmIDrBtqaQR6iCbHTshp1bpkX6sbElDZurviYxGWo+j0HZG1Az1ojcV//PaqelfBxmXSWpQsvmifiqIicn0c9LjCpkRY0soU9zeStiQKsqMzadoQ/AWX14mjYuKV61U7y/LtZs8jgIcwwmcgQdXUIM7qIMPDDg8wyu8OdJ5cd6dj3nripPPHMEfOJ8/JQOORA==</latexit>
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True Counterexample
Step 2 Step 3

<latexit sha1_base64="/U/gvuyJEDLbxG200RfhzeWwVns=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2m3bpZhN2J2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//ci1EbF6wEnC/YgOlQgFo2ildm9EMXua9ssVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOyVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2e9kIDRnKCeWUKaFvZWwEdWUoU2oZEPwll9eJa2Lqler1u4vK/WbPI4inMApnIMHV1CHO2hAExiM4Rle4c1JnBfn3flYtBacfOYY/sD5/AGzzo/U</latexit>

x̂

• (Fukuda+, DATE’25) adopts Monte Carlo Tree Search (MCTS)
• Compute Rewards4 (counterexample potentiality (CePO)) of subproblems:

JΓK =


−∞ if p̂ > 0
+∞ true CE

λ |Γ|
K + (1− λ) p̂

p̂min
otherwise

• (Fukuda+, DATE’25) outperforms naive BaB (breadth-first search) approach
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<latexit sha1_base64="hsKO+JPCw1izLSG1nLMi8Txhe1M=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRmLiRbJLDHokevGIiQsksJJu6UJDt920XROy4Td48aAxXv1B3vw3FtiDgi+Z5OW9mczMCxPOtHHdb6ewtr6xuVXcLu3s7u0flA+PWlqmilCfSC5VJ8Saciaob5jhtJMoiuOQ03Y4vp357SeqNJPiwUwSGsR4KFjECDZW8tXjRb/WL1fcqjsHWiVeTiqQo9kvf/UGkqQxFYZwrHXXcxMTZFgZRjidlnqppgkmYzykXUsFjqkOsvmxU3RmlQGKpLIlDJqrvycyHGs9iUPbGWMz0sveTPzP66Ymug4yJpLUUEEWi6KUIyPR7HM0YIoSwyeWYKKYvRWREVaYGJtPyYbgLb+8Slq1qlev1u8vK42bPI4inMApnIMHV9CAO2iCDwQYPMMrvDnCeXHenY9Fa8HJZ47hD5zPHyaHjkU=</latexit>

r�2

-2.7

-2.52 -2.65

<latexit sha1_base64="iahbBj2j4tEgJ7y75Tl2N8tJd9E=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSIIQklEqseiF48VTFtoY9lsp+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhQ8epYuizWMSqFVKNgkv0DTcCW4lCGoUCm+Hoduo3n1BpHssHM04wiOhA8j5n1FjJV4/nXa9bKrsVdwayTLyclCFHvVv66vRilkYoDRNU67bnJibIqDKcCZwUO6nGhLIRHWDbUkkj1EE2O3ZCTq3SI/1Y2ZKGzNTfExmNtB5Hoe2MqBnqRW8q/ue1U9O/DjIuk9SgZPNF/VQQE5Pp56THFTIjxpZQpri9lbAhVZQZm0/RhuAtvrxMGhcVr1qp3l+Wazd5HAU4hhM4Aw+uoAZ3UAcfGHB4hld4c6Tz4rw7H/PWFSefOYI/cD5/ACH3jkI=</latexit>

r+1
<latexit sha1_base64="9jR8vzZCZCl5lp+8nqqX0wAi3Eo=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4sSQi1WPRi8cKpi20sWy203bpZhN2N0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemAiujet+Oyura+sbm4Wt4vbO7t5+6eCwoeNUMfRZLGLVCqlGwSX6hhuBrUQhjUKBzXB0O/WbT6g0j+WDGScYRHQgeZ8zaqzkq8fzrtctld2KOwNZJl5OypCj3i19dXoxSyOUhgmqddtzExNkVBnOBE6KnVRjQtmIDrBtqaQR6iCbHTshp1bpkX6sbElDZurviYxGWo+j0HZG1Az1ojcV//PaqelfBxmXSWpQsvmifiqIicn0c9LjCpkRY0soU9zeStiQKsqMzadoQ/AWX14mjYuKV61U7y/LtZs8jgIcwwmcgQdXUIM7qIMPDDg8wyu8OdJ5cd6dj3nripPPHMEfOJ8/JQOORA==</latexit>

r�1

True Counterexample
Step 2 Step 3

<latexit sha1_base64="/U/gvuyJEDLbxG200RfhzeWwVns=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2m3bpZhN2J2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//ci1EbF6wEnC/YgOlQgFo2ildm9EMXua9ssVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOyVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2e9kIDRnKCeWUKaFvZWwEdWUoU2oZEPwll9eJa2Lqler1u4vK/WbPI4inMApnIMHV1CHO2hAExiM4Rle4c1JnBfn3flYtBacfOYY/sD5/AGzzo/U</latexit>

x̂

• (Fukuda+, DATE’25) adopts Monte Carlo Tree Search (MCTS)
• Compute Rewards4 (counterexample potentiality (CePO)) of subproblems:

JΓK =


−∞ if p̂ > 0
+∞ true CE

λ |Γ|
K + (1− λ) p̂

p̂min
otherwise

• (Fukuda+, DATE’25) outperforms naive BaB (breadth-first search) approach

4Fukuda et al., Adaptive Branch-and-Bound Tree Exploration for Neural Network Verification, DATE’25
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Limitations and Motivations

• MCTS-based approach (Fukuda+, DATE’25) is deterministic:
• If this MCTS failed to find a counterexample, repeating the same run is meaningless

and it does not give a different answer.
• Inferring counterexamples (MCTS rewards) is a heuristic method, and it may fail to

provide accurate guidance frequently.

• This work is a stochastic optimization-based approach
• Counterexample finding through an effective optimization-based sampling, e.g., hill

climbing (HC), simulated annealing (SA)
• Repeated runs with different seeds can explore the tree in different ways.
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Contribution

• We propose Oliva that adopts
stochastic optimization for neural
network verification

1 OlivaGR: a greedy approach
2 OlivaSA: simulated annealing

(SA)-style approach
• OlivaSA is achieved by identifying and

extending two relations:
1 Relation between OlivaGR and classic

hill climbing
2 Relation between classic simulated

annealing and classic hill climbing
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Greedy Approach (OlivaGR)

OlivaGR is inspired by (Fukuda+,DATE’25)
• Driven by Greediness, we directly select deeper and smaller ones, until the

subproblem is verified;
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Greedy Approach (OlivaGR)

OlivaGR is inspired by (Fukuda+, DATE’25)
• Driven by Greediness, we directly select deeper and smaller ones, until the

subproblem is verified;
• OlivaGR may fail to find a counterexample (even if it exists)
• “CePO” order is a heuristic, but not always promising.
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Connection Between Hill Climbing and OlivaGR

• Hill Climbing samples and optimizes within a continuous box domain, gradually
converging to a local optimum.
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Connection Between Hill Climbing and OlivaGR

• Hill Climbing optimizes within a continuous box domain by sampling, gradually
converging to a local optimum.

• OlivaGR works on a tree structure to select the subproblems.
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Connection Between Hill Climbing and OlivaGR

• Connection: action of accepting better candidates.
• OlivaGR: accept only good child nodes
• Hill climbing: accept only good samples

• We build the edge between the two that shares the same “greedily accept” policy.
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Issues of Hill Climbing and OlivaGR

• The issues are also essentially the same:
• Hill climbing can be trapped in local optima and lose the global optimum;
• OlivaGR can be misled by the heuristic order, resulting in suboptimal performance
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Classic Simulated Annealing (SA)

• In stochastic optimization, SA is a solution to “local optima” issue of hill climbing;
• Compared to hill climbing, it assigns a probability to accept a worse sample;
• The probability keeps evolving over the process, controlled by temperature

• At initial stage, temperature is high, SA favors exploration;
• Later, temperature becomes low, SA favors exploitation.
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Our Proposed OlivaSA Approach

• OlivaSA extends the accept policy of classic SA to tree structures

• At initial stage, temperature is high, so it favors exploration
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Our Proposed OlivaSA Approach

• OlivaSA extends the accept policy of classic SA to tree structures
• At initial stage, temperature is high, so it favors exploration
• Later, temperature becomes low, so it favors exploitation
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Our Proposed OlivaSA Approach

• OlivaSA extends the accept policy of classic SA to tree structures
• At initial stage, temperature is high, so it favors exploration
• Later, temperature becomes low, so it favors exploitation
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Comparison with (Fukuda+, DATE’25)

• Major technical differences
• Monte Carlo Tree Search (i.e., MCTS in Fukuda+, DATE’25) originally deals with

tree structures, so the application to BaB is relatively straightforward
• Simulated Annealing (SA and general stochastic optimization algorithms)

originally deals with box domains, so the application to BaB requires a novel way of
adaptation in this work.

• Regarding verification effectiveness
• MCTS involves a fixed policy of tree exploration; repeating the same run does not

give a different answer.
• OlivaSA is stochastic, so repeating experimental runs is useful to find

counterexamples
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Experiment Settings

• Following VNN-COMPa:
• 690 instance across MNIST,

CIFAR-10, with five different models.
• Local robustness with

ϵ ∈ [1/255, 16/255]
• Meaningful sub-problem selection.

aMüller et al., arXiv preprint arXiv:2212.10376.
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Experiment Results I
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• Each point is a verification problem
• x-axis: time costs by BaB-baseline
• y-axix: our speedup over BaB-baseline

• Points over the dashed red line are faster than
BaB-baseline.
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Experiments on Stochasticity of OlivaSA

Performances of 5 different runs of OlivaSA

• Overall, the performance of
OlivaSA is stable;

• We observe such cases:
while by one run we cannot
find counterexamples, by
repeating the same run with
different seeds, we manage
to find counterexamples.

Guanqin.Zhang@unsw.edu.au ECOOP’25 - July 02, 2025 24/ 25



Summary and Research Opportunities

• We propose Oliva, a metaheuristic optimization tool:
1 OlivaGR: Greedily driven by Potentiality, generalize “acceptance” in “hill-climbing”

optimization.
2 OlivaSA: Simulated annealing mitigates the “greediness” of “hill-climbing” as a

stochastic optimization.
• Other directions and our ongoing work for counterexample-guided NN verification

1 Scalable incremental falsification of neural networks given a similar NN architecture
and existing verification results.

2 Efficient verification of the Transformer architecture and large language models.
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